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Abstract

Building upon the works of Anscombe and Amuann [Ann. Math. Stat. 34 (1963) 199] and
Karni and Schmeidler [An expected utility theory for state-dependent preferences. Working Paper
48-80, Foerder Institute for Economic Research, Tel Aviv University], we develop a general ax-
iomatic theory of quantifiable beliefs—a form of probabilistic sophistication that does not preclude
state-dependent preferences and does not require the reduction of compound lotteries. The theory
includes the state-dependent expected utility model of Karni and Schmeidler [An expected utility
theory for state-dependent preferences. Working Paper 48-80, Foerder Institute for Economic Re-
search, Tel Aviv University] and the state-independent non-expected utility model of Machina and
Schmeidler [J. Econ. Theory 67 (1995) 106] as special cases. The theory is flexible enough to admit
recursivity in the decision-making process.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

In subjective expected utility theory (henceforth SEU) choice under uncertainty is per-
ceived as the maximization of the mathematical expectation of the utility function with
respect to the subjective probabilities (seeSavage, 1954for the definitive statement and
Anscombe and Aumann, 1963for an alternative, simpler, treatment). Presumably individ-
ual choice-behavior is the culmination of two distinct, if implicit, cognitive processes: the
assessment of the likely realization of alternative events, or the formation ofbeliefs, and the
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valuation of the consequences. Moreover, the decision-makers’ beliefs are representable
by (subjective) probabilities and his valuation of consequences is representable by a utility
function.

Recently,Machina and Schmeidler (1992, 1995)argued that the issue of quantifying
decision-makers’ beliefs by a probability measure is separate from the other tenets of SEU.1

In other words, the notion that decision-makers’ beliefs may be represented by probability
measures does not depend on their being expected utility maximizers. Machina and Schmei-
dler (henceforth MS) introduce the term probabilistically sophisticated choice to describe
the behavior of a decision-maker who “. . .assigns subjective probabilities to events and
judges each act solely on the basis of its implied probability distribution over outcomes, but
does not necessarily rank these probability distributions according to the expected utility
principle” (Machina and Schmeidler, 1995, p. 109). As in SEU theory,probabilistic sophis-
tication, since it requires that acts be judged “solely on the basis ofits implied probability
distribution over outcomes”, precludes circumstances in which the implicit valuation of
consequences is not independent from the underlying events in which they arise. For exam-
ple, probabilistic sophistication theory does not apply to the choice of disability insurance
or life insurance policies since, in these instances, the valuation of the monetary payoff
is, in general, not independent of the disability or whether the individual is dead or alive.
Yet, there is no reason to suppose that in situations involving “state-dependent valuation of
consequences” decision-makers do not form beliefs about the likely realization of events,
or that these beliefs are qualitatively different from beliefs in the case of state-independent
preferences and may not be represented by probabilities.

Another implicit aspect of the SEU models that is shared by probabilistic sophistication
theory, is the reduction of compound lotteries. By insisting that choice problems amount
to comparisons of probability distributions over outcomes SEU and probabilistic sophis-
tication disregard the possibility that decision-makers assess relative likelihoods of events
in terms of probabilities and yet, when facing compound uncertainty, do not abide by the
reduction principle. In particular, probabilistic sophistication may be incompatible with
probabilistically sophisticated Choquet expected utility maximizing behavior. For instance,
a probability sophisticated version ofSchmeidler’s (1989)model would imply that the
subjective probabilities that a decision-maker assigns to the states is incorporated into the
decision making process in a way that is distinct from that of the probabilities that figure
in the roulette lotteries that constitute the consequences. In other words, decision-makers
treat differently probabilities of states from probabilities of prizes.

In the present paper we introduce the concept ofquantifiable beliefs—a form of prob-
abilistic sophistication that does not preclude state-dependent preferences and does not
require the reduction of compound lotteries. We develop a general axiomatic theory of
quantifiable beliefs that includes the models ofMachina and Schmeidler (1995)andKarni
and Schmeidler (1980)as special cases. To underscore the difference between the theory of
quantifiable beliefs and the MS theory of probabilistically sophisticated choice we note a
market phenomenon described inEpstein (2000)which, if observed under constant beliefs,

1 An extension and further elaboration of the Machina–Schmeidler model is contained inEpstein and Le-Breton
(1993)andGrant (1995).
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contradicts the MS notion of probabilistically sophisticated choice.2 Epstein observes, how-
ever, that this phenomenon does not contradict state-dependent subjective expected utility.
Consequently, it is not inconsistent with the theory of quantifiable beliefs.

Building upon the works ofAnscombe and Aumann (1963)(henceforth AA) andKarni
and Schmeidler (1980)(henceforth KS) our analytical framework includes two main com-
ponents: first, the horse/roulette lotteries representation of alternative courses of action.
Thus, as in AA, courses of action, or acts, are functions from a finite set of states of nature
to the set of simple lotteries on an arbitrary set of outcomes. Second, a set of hypothetical
interim-state lotteries. These should be conceived of as acts in the AA sense with objective
probability assignments to the states of nature. This component is similar to the prize-state
lotteries of KS.3 However, unlike KS, where reduction of compound lotteries is presup-
posed, the interim-state lotteries structure is more flexible and admits recursivity in the
decision-making process. Finally, as in KS, the two components are assumed to be consis-
tent in the sense that, for some probability distribution on the states, the preference ranking
of acts agrees with the ranking of the corresponding interim-state lotteries.

To grasp the meaning and significance of the hypothetical interim-state lotteries it is
useful to consider their application in SEU. To begin with, notice that a decision-maker’s
beliefs may be viewed as having a cognitive meaning independent of the act of choice (i.e. as
an input in the process of the formation of preferences.) Moreover, beliefs are formalized as
a binary relation on a set of events (i.e. subsets of the set of states) that has the interpretation
“more likely than”. Now, it has been observed(Schervish et al., 1990; Karni, 1996)that, even
supposing that decision-makers act upon their beliefs and that these beliefs are representable
by probabilities, it is not necessarily the case that these are the probabilities that the SEU
model ascribes to them. This is because in SEU theory the uniqueness of the representation
pertains to the joint determination of utility function on consequences and the probability
measure over the set of states. The subjective probability measure that figures in the theory
of Savage (and in the theory of AA) is jointly determined with a utility function that is the
same in every state of nature. However, nothing in the axiomatic structure of these theories
implies that the utility functions be state-independent. In other words, the definition of
probabilities in SEU theory is based on the convention that the valuation of consequences
(and not just lotteries on consequences) is state-independent.4

It has recently been noted byKarni and Mongin (2000)that the objective of recover-
ing the decision-maker’s true beliefs and their genuine probability representation can be
attained in the broader analytical framework ofKarni and Schmeidler (1980). In the KS

2 More specifically, letθs andθ′
s denote distinct prices of an elementary Arrow security that pays US$1 in states

and US$0 in every other state. Denote byqs andq′
s an investor’s stock-demands corresponding for such a security.

Then, for any two states of nature, says andt, the observations: (a)θs ≥ θt andθ′
s ≤ θ′

t , with at least one inequality
strict, and (b)qs > qt andq′

s < q′
t , are inconsistent with the MS concept of probabilistically sophisticated choice.

3 Indeed there exists a natural one-to-one correspondence between the set of interim-state lotteries and the set
of prize-state lotteries.

4 In fact, SEU requires that the preference ranking of lotteries be state-independent. This is implicit in Savage’s
theory and is explicit in the theory of AA. However, state-independent preferences in this sense do not imply
state-independent utility functions. In particular, state-independence only requires that the ranking of roulette
lotteries be state-invariant. Hence, the utility functions may be state-dependent in the sense of having different
intercepts and scales. For a more detailed discussion of this point seeKarni (1996).
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model decision-makers are supposed to be able to express their preferences over prize-state
lotteries. Moreover, these preferences satisfy the axioms of expected utility theory and
are consistent with the actual preferences over acts. Broadly speaking, the consistency
requirement is that the conditional (on the states) preference ranking of lotteries of the
actual preferences agree with the conditional preference ranking of state-prize lotteries.
The subjective probabilities obtained in this extended framework are the unique represen-
tation of decision-makers’ beliefs.Karni and Mongin (2000)also note that in the case of
state-independent preferences, if the probabilities obtained in the KS model are not the same
as those of the AA model then the valuation of the consequences is not independent of the
state in which they are realized and, moreover, the KS definition of subjective probabilities
represents the decision-makers true beliefs but the AA does not.

The use of the hypothetical prize-state lotteries and preference relations on such lotteries
that do not have choice-behavior empirical counterpart may raise methodological objec-
tions. Since we are about to employ an extraneous construct analogous to the prize-state
lotteries it is important to address this methodological issue. To start with,Karni and
Mongin (2000)argue that invon Neumann and Morgenstern’s (1944)expected utility
theory the set of consequences is arbitrary. Hence, in principle, this theory is capable of
accommodating consequences that are prize-state pairs. If the decision-makers’ responses
to such hypothetical problems are arrived at by the same mental processes that govern
their actual choice-behavior then verbal testimony regarding preferences over conceivable
prize-state lotteries may provide meaningful information regarding the decision-maker’s
preferences and beliefs. It is worth noting that this methodology is endorsed by Savage, at
least in the normative interpretation of subjective expected utility theory:

There is a mode of interrogation between what I called the behavioral and the direct.
One can, namely, ask the person, not how he feels but what he would do in such and
such situation. In so far as the theory of decision under development is regarded as an
empirical one, the intermediate mode is a compromise between economy and rigor. But
in the theory’s more normative interpretation as a set of criteria of consistency for us to
apply to our decisions, the intermediate mode is just the right one (1972, p. 28).

Further support for considering preferences over hypothetical lotteries, presumably ar-
rived at by introspection, is lent byKoopmans (1957)in the following passage:

If, in comparison with some other sciences, economics is handicapped by severe and
possibly unsurmountable obstacles for meaningful experimentation,the opportunities for
direct introspection by, and direct observation of, individual decision-makers are much
needed source of evidence which in some degree offsets the handicap (1957, p. 140,
emphasis added).

Furthermore, in so far as their empirical validity is concerned,the KS probabilities are
consistent with every aspect of observed choice behavior that is consistent with the AA
theory and, in addition, they are consistent with verbal-behavior that may contradict the
AA theory.5 The same justification applies to the theory presented here.

5 SeeKarni (1996)for a description of such verbal behavior.
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We assume that decision-makers are capable of expressing preferences between pairs of
interim-state lotteries and that these preferences agree, in a sense to be specified, with the
decision-maker’s actual preferences among acts. Unlike KS, we do not require that either
the preference relation on interim-state lotteries or the horse/roulette lotteries satisfy the
independence axiom of expected utility theory. Hence, our theory accommodates proba-
bilistically sophisticated nonexpected utility choice behavior with state-dependent prefer-
ences. The axiomatic structure requires that both the preference relation on interim-state
lotteries and the preference relation on acts be continuous weak orders. In addition, the
ordinal rankings of outcomes in every state are assumed to be independent of the outcomes
in other states, and the preference relations are assumed to be monotonic with respect
to, appropriately defined, first-order stochastic dominance. Our key assumption, the con-
cordance axiom, establishes a degree of agreement between the preference relation on
acts and the corresponding preference relation on interim-state lotteries. Loosely speak-
ing, this agreement requires that if, for some probability distribution over the state-space,
the estimates of the conditional probabilities of two states based on preferences among
interim-state lotteries is the same as the corresponding estimates based on preferences
among acts, then these preferences agree on the ranking of all acts that assign the same
consequences to all other states. This axiom asserts that the (implicit) relative valua-
tion of consequences is the same in the preference relation on acts and on interim-state
lotteries.

Section 2lays out the analytical framework and introduces the axioms.Section 3con-
tains the main representation result.Section 4contains refinements of our general theory
of quantifiable beliefs yielding the models ofAnscombe and Aumann (1963), Karni and
Schmeidler (1980)andMachina and Schmeidler (1995)as special cases. A further refine-
ment of our model leads to recursive preferences with quantifiable beliefs showing that
our theory is capable of rationalizing Ellsberg-paradox type behavior.Appendix Acontains
some preliminary results needed for the proof of the main theorem. The proofs of all other
results appear inAppendix B.

2. The model

2.1. Preliminaries

LetS = {1, . . . , n} be a finite nonempty set. The elements ofS are referred to asstates of
nature. The set of probability measures onS will be denoted byM. The degenerate measure
δs is the element ofM that assigns tos the unit probability mass. Subsets ofS areevents.

For each states in S, letXs be an arbitrary set ofprizes that are available ifs obtains and
denote by�(Xs) the set of all simple probability measures or (state) roulette lotteries on
Xs. With slight abuse of notation, for each states ∈ S and each prizex ∈ Xs we shall use
bothδx andx to denote the element of�(Xs) that assigns to the prizex the unit probability
mass.

An act (or horse/roulette lottery) in this context is a mapping from the set of states of
nature into the corresponding set of roulette lotteries. That is, to eachs ∈ S, an act assigns
a roulette lotteryp ∈ �(Xs). We formally define the set of actsH as the Cartesian product,
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∏
s∈S �(Xs). For eachh ∈ H andp ∈ �(Xs) denote by(h−s, p) the act obtained by

replacing thes coordinate ofh by p. We view the setH as a mixture set since for any pair
of actsf, g ∈ H and any probabilityα ∈ [0,1] we shall identifyαf + (1−α)g with the act
h ∈ H , for whichhs = αfs + (1 − α)gs for eachs ∈ S.

In this two-stage formulation, after the first-stage, an agent knows which states in S is the
true state of nature, but unless the roulette lottery associated with that state is degenerate,
she still does not know which prize inXs she will ultimately receive. We shall refer to this
stage as theinterim stage, where a typicalinterim-state is a state/roulette-lottery pair(s, p)
wheres ∈ S andp ∈ �(Xs). Correspondingly, the set ofdegenerate interim-states will be
identified with the set of state-prize pairsC = {(s, x)|s ∈ S, x ∈ Xs}. In this case, after the
first stage, there is no more uncertainty left to be resolved.

Let ⊗ be a binary operation defined as follows: for allµ ∈ M andf ∈ H , µ ⊗ f is the
simple lottery defined on the set of interim states, that is, a simpleinterim-state lottery, in
which for eachs ∈ S andp ∈ �(Xs),

(µ ⊗ f)(s, p) =


µs, if fs = p

0, otherwise

An interim-state lottery may be viewed as an act (horse/roulette lottery) with preassigned
probabilities,µ, to the states (horses).

Let L̂ denote the set of interim-state lotteries that can be expressed in this way. Notice that
there exists a natural one-to-one correspondence betweenL̂ and the set of simple probability
measures onC. We can associate with each interim-state lottery,µ⊗f , the state-prize lottery
� defined by�(s, x) = µsfs(x) for all (s, x) ∈ C. And with each state-prize lottery� we
can associate the interim-state lottery,µ ⊗ f ∈ L̂, defined byµs = ∑

x∈Xs
�(s, x) and

fs(x) =




0, if µs = 0

�(s, x)

µs

, if µs > 0
(for all s ∈ S and allx ∈ Xs).

In addition to being able to express preferences between pairs of acts fromH , we shall
assume that an individual can also express preferences between pairs of interim-state lotter-
ies fromL̂. Given the above one-to-one correspondence that exists betweenL̂ and the set
of simple probability measures onC, we shall sometimes identify this preference relation
with the individual’s preferences over state-prize lotteries.

Notice thatδs ⊗f corresponds to the element ofL̂ that assigns to the interim-state(s, fs)
the unit probability mass. We can thus expressµ⊗ f = ∑

s∈S µs(δ
s ⊗ f). More generally,

we shall view the set̂L as a mixture space, since for any pair of probability measures
µ, ν ∈ M, any pair of actsf, g ∈ H and any probabilityα ∈ [0,1], we shall identify
α(µ ⊗ f) + (1 − α)(ν ⊗ g) with the interim-state lottery∑

s∈S
(αµs + (1 − α)νs)

(
δs ⊗

(
αµs

αµs + (1 − α)νs
f + (1 − α)νs

αµs + (1 − α)νs
g

))
.

That is, each states ∈ S, is assigned the probability weightαµs+(1−α)νs, and the roulette
lottery in that state is given by
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αµs

αµs + (1 − α)νs
fs + (1 − α)νs

αµs + (1 − α) νs
gs

which is an element of�(Xs).6

Preferences over the set of acts are given by�, a binary relation onH . Preferences over
the set of interim-state lotteries are given by�̂, a binary relation on̂L. The asymmetric,�,
�̂ and symmetric,∼, ∼̂ parts of� and�̂, respectively, are defined as usual.

2.2. Axioms

We require a non-degeneracy and richness condition for the state-prize space. Loosely
speaking, we assume that in each state, there are at least two prizes between which the
individual has a strict preference. That is, in each states, there exist prizes̄xs andx

¯s
such

that, given that the states obtains, the individual would strictly prefer receiving the prize
x̄s to receiving the prizex

¯s
. We can fix a set{x̄s, x

¯s
}s∈S and letx̄ (respectively,x

¯
) denote

the act that yields in each states, the degenerate roulette lotteryδx̄s (respectively,δx¯s ). So
that the preference relation over acts is not trivial, we assume thatx̄ � x

¯
. Furthermore, we

require that there exists the following ‘preference overlap’ between each pair of states; If
the individual strictly prefers the state-prize(t, x̄t) (that is, the better prize in statet) to the
state-prize(s, x̄s) (the better prize in states), then he strictly prefers the state-prize(s, x̄s)
to (t, x

¯t
) (the worse prize in statet) and he weakly prefers(t, x

¯t
) to (s, x

¯s
).

Formally, we require as follows.

A.0 (State-preference overlap). There exists two actsx̄, x
¯

∈ H , such that̄x � x
¯

and for
eachs ∈ S, (s, x̄s), (s, x

¯s
) ∈ C andδs ⊗ x̄�̂δs ⊗ x

¯
. Furthermore, for every pair of states

s, t ∈ S, if δt ⊗ x̄�̂δs ⊗ x̄ thenδs ⊗ x̄�̂δt ⊗ x
¯
, andδt ⊗ x

¯
�̂δs ⊗ x

¯
.

Notice in particular, if two states each had only two possible prizes, state-preference
overlap would imply that the ‘better’ and ‘worse’ prizes for one state could not be ‘nested’ in
preference terms between the ‘better’ and ‘worse’ prize of the other state. That is, in the case
whereXs = {x̄s, x

¯s
} andXt = {x̄t , x

¯t
}, the following preference ordering is not allowed:

δt ⊗ x̄�̂δs⊗ x̄�̂δs⊗x
¯
�̂δt ⊗x

¯
. Consider the following two-state example in which each state

has a continuum of prizes.X1 = [1/4,3/4], X2 = [0,1], δs ⊗ (f−s, x)�̂δt ⊗ (f−t , y), if
and only ifx − y ≥ 0, andf � g, if and only if∑

x∈[0,1]

(f1(x) − g1(x) + f2(x) − g2(x))x ≥ 0.

This example satisfies state-preference overlap even though the ‘best’ and ‘worst’ prizes
for state 1 are nested between the ‘best’ and ‘worst’ prizes for state 2. For instance, if we
takex̄1 := 3/4 > x̄2 := 1/2 > x

¯1 := 1/4 > x
¯2 := 0, then we have the required preference

overlap and̄x � x
¯
.

6 Let � (respectively,�′) be the state-prize lottery associated with the interim-state lotteryµ ⊗ f (respectively,
ν⊗g). It is straightforward to check that for anyα ∈ [0,1], the state-prize lottery associated with the interim-state
lotteryα(µ ⊗ f) + (1 − α)(ν ⊗ g) is α� + (1 − α)�′.
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A similar requirement is imposed byFishburn (1973)in his axiomatization of expected
utility with state-dependent preferences. AsKarni (1985)points out, this assumption may
be irreconcilable with some applications of state-dependent preferences. A classic example
would be in the context of flight insurance where the states of nature include both the
states “life” and “death” and the prizes in each state are levels of wealth. In this case,
state-preference overlap asserts that a passenger with no dependents may still prefer death
over life if he takes out a sufficiently large insurance policy. Having said that, however, the
state-preference overlap will be a maintained assumption throughout.

The next two assumptions are the standard ordering and continuity assumptions.

A.1 (Weak order).� and�̂ are complete and transitive.

A.2 (Archimedean). (a) For allf, g, h ∈ H such thatf � g � h there existα, β ∈ (0,1)
such thatαf + (1−α)h � g � βf + (1−β)h. (b) For allµ⊗f , ν⊗g, η⊗h ∈ L̂ such that
µ ⊗ f �̂ν ⊗ g�̂η ⊗ h, there existγ, ε ∈ (0,1) such thatγ(µ ⊗ f) + (1 − γ)(η ⊗ h)�̂ν ⊗
g�̂ε(µ ⊗ f) + (1 − ε)(η ⊗ h).

The first of our ‘monotonicity’ axioms, states that both preference relations� and�̂
respect a partial ordering of conditional first-order stochastic dominance across prizes within
a given state holding what happens off that state fixed. That is, moving probability from a
conditionally less preferred prize to a conditionally more preferred prize within a state, but
leaving the rest of the act or interim-state lottery unchanged makes the act or interim-state
lottery more attractive.

A.3 (Intra-state monotonicity). For any states ∈ S, any pair of prizesx, y ∈ Xs, any
µ ∈ M, any actf ∈ H , any roulette lotteryp ∈ �(Xs), and anyα ∈ (0,1]:

(i) (f−s, x) � (�)(f−s, y) implies(f−s, αδx + (1− α)p) � (�)(f−s, αδy + (1− α)p),
and

(ii) µ⊗(f−s, x)�̂(�̂)µ⊗(f−s, y) impliesµ⊗(f−s, αδx+(1−α)p)�̂(�̂)µ⊗(f−s, αδy+
(1 − α)p).

In the statement of the last axiom, nothing prevents the preference between two prizes
in a given state, from depending upon the act (or, respectively, the interim-state lottery)
in which they reside. The next axiom embodies a notion of ordinal act independence, that
shall preclude such conditioning. That is, theordinal ranking of prizes in a given state
is independent of the act or interim-state lottery in which they reside. It does not imply,
however, that the ordinal ranking of prizes is the same across states. For instance, if the
prizes include tickets to a concert and an all-expenses paid skiing vacation, their ranking
may be reversed depending on whether the states of nature are injured ankle or not. On the
other hand if prizes are levels of wealth the ordinal ranking may be the same across states.

A states is null if (g−s, p′) ∼ (g−s, q′) for all roulette lotteriesp′, q′ ∈ �(Xs) and all
actsg ∈ H . It is non-null if it is not null.
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A.4 (Ordinal act independence). For any non-null states ∈ S, any pair of prizesx, y ∈
Xs, any pair of actsf, g ∈ H and any probability measureµ ∈ M, such thatµs > 0:
µ ⊗ (f−s, x)�̂µ ⊗ (f−s, y) if and only if (g−s, x) � (g−s, y).

Ordinal act independence imposes the following consistency between the preference
relations�̂ and�. For each states in S, let �̂s and�s be the preference relations on
the prize spaceXs defined as follows: for all pairs of outcomesx, y ∈ Xs, if δs ⊗ (x

¯
−s, x)

�̂δs⊗(x
¯
−s, y) thenx �̂sy, and if(x

¯
−s, x) � (x

¯
−s, y) thenx�s y. Ordinal act independence

and weak order imply that for every non-null states, �̂s =�s. Both binary relations inherit
the weak ordering property of their respective ‘parent’ relations.

Given ordinal act independence it is meaningful to talk about monotonicity with respect
to first-order stochastic dominance for roulette lotterieswithin a given state.

Definition 1. For any states ∈ S, and any pair of roulette lotteriesp = (x1, p1; . . . ;
xm, pm) ∈ �(Xs) andp′ = (x′

1, p
′
1; . . . ; x′

m′ , p′
m′) ∈ �(Xs), the roulette lotteryp is said

to first-order stochastically dominate on state s the roulette lotteryp′ (writtenp ≥1
s p

′), if∑
{i:xi�̂sx

′
k
}
pi ≥

∑
{j:x′

j�̂sx
′
k
}
p′
j for all k = 1, . . . , m′.

The roulette lotteryp is said tostrictly first-order stochastically dominate on state s the
roulette lotteryp′ (written p >1

s p′) if, in addition, strict inequality holds for somek =
1, . . . , m′.

The next lemma states that weak order, intra-state monotonicity and ordinal act indepen-
dence together imply that if two acts differ on only one non-null state, and for one act the
roulette lottery in that state (strictly) first-order stochastically dominates the roulette lottery
on that state for the other act then the former act is (strictly) preferred to the latter. The same
holds for preferences over interim-state lotteries.

Lemma 1. Suppose that � and �̂ satisfy A.1, A.3 and A.4. Then, for any state s ∈ S, any
pair of roulette lotteries p, p′ ∈ �(Xs), any act f ∈ H , and any µ ∈ M : p ≥1

s p
′ implies

(i) (f−s, p) � (f−s, p′) and (ii) µ ⊗ (f−s, p)�̂µ ⊗ (f−s, p) with strict preference in (i)
(respectively, in (ii)) if p >1

s p
′ and s is non-null (respectively, µs > 0).

Given ordinal act independence, it is also meaningful to define monotonicity with respect
to first-order stochastic dominance for roulette lotteriesacross different states. That is,
we can also introduce a first-order stochastic dominance partial ordering for degenerate
interim-state lotteries where the dominance is with respect to the preference relation over
C induced by�̂.

Definition 2. For any pair of roulette lotteriesp ∈ �(Xs) andq ∈ �(Xt), the degenerate
interim-state lottery that yieldsp on states is said tofirst-order stochastically dominate
the degenerate interim-state lottery that yieldsq on statet (written (s, p) ≥1

C (t, q)) if,
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for all (r, x) ∈ C∑
{y∈Xs:δs⊗(h−s,y)�̂δr⊗(h−r,x)}

p(y) ≥
∑

{z∈Xt :δt⊗(h−t ,z)�̂δr⊗(h−r,x)}
q(z).

Furthermore, the degenerate interim-state lottery that yieldsp on states is said tostrictly
first-order stochastically dominate the degenerate interim-state lottery that yieldsq on state
t (written (s, p) >1

C (t, q)) if, in addition, strict inequality holds for some(r, x) ∈ C.

Our final monotonicity axiom requires that moving probability from states with first-order
stochastically inferior roulette lotteries to states with first-order stochastically superior
roulette lotteries, increases the desirability of the interim-state lottery.

A.5 (Inter-state monotonicity). For any two statess, t ∈ S, any pair of roulette lotteries
p ∈ �(Xs), q ∈ �(Xt), any actf ∈ H , and any pair of probability measuresµ, ν ∈ M, if
(s, p) ≥1

C (t, q), νs > µs andνr = µr for all r ∈ S − {s, t}, thenν ⊗ ((f−s, p)−t , q)�̂µ ⊗
((f−s, p)−t , q). Furthermore, if(s, p) >1

C (t, q) thenν⊗((f−s, p)−t , q)�̂µ⊗((f−s, p)−t , q).

As we have already observed above, ordinal act independence guarantees, for each
non-null states ∈ S, the agreement between the conditional preference relations�̂s and�s

induced onXs by �̂ and�, respectively. But such consistency between�̂ and�, although
necessary for quantifiable beliefs, is not sufficient to ensure that it is possible to identify
the preference relation over acts with the preference relation over interim-state lotteries
restricted to a subset of such lotteries that have the same distribution over states.

The next axiom, which we dub “concordance”, is key to our theory. The following general
observations will be helpful in interpreting it. The decision-making process involves two
distinct mental processes: the formation of beliefs regarding the likely realization of events
and the valuation of the prizes in the different states. These valuations are what is usually
referred to as tastes. In expected utility theory the tastes are captured by the utility functions.
When preferences fail to satisfy the axioms of expected utility theory, the tastes are implicit
in the structure of the functional representation. Concordance requires that the tastes that
govern the choice among interim-state lotteries are the same tastes that govern the choice
among acts. To state the concordance axiom we introduce the following additional notations
and definitions: fix some non-null states ∈ S. For everyt ∈ S − {s} and everyµ ∈ M, let
αt(µ) be defined by

µ ⊗



x̄s on s

x
¯t

on t

x
¯s

′ on s′ /∈ S − {s, t}


 ∼̂µ

⊗




[αt(µ)δx̄s + (1 − αt(µ))δ
x
¯s ] on s

[αt(µ)δx̄t + (1 − αt(µ))δ
x
¯t ] on t

x
¯s

′ on s′ /∈ S − {s, t}


 .
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The correspondenceαt : M → [0,1] defined above is, in fact, a function.7

Let βt be defined by

x̄s on s

x
¯t

on t

x
¯s

′ on s′ /∈ S − {s, t}


 ∼




[βtδx̄s + (1 − βt)δ
x
¯s ] on s

[βtδx̄t + (1 − βt)δ
x
¯t ] on t

x
¯s

′ on s′ /∈ S − {s, t}


 .

To grasp the meaning of these definitions think ofαt(µ) as an estimate of the probability
of the states conditional on the event{s, t} underµ. Similarly, think ofβt as an estimate
of the decision-maker’s subjective probability of states conditional on the event{s, t}. It
is easy to verify that, if�̂ and� satisfy the axioms of expected utility, the corresponding
von Neumann–Morgenstern utility functions are state-independent, andx̄s = x̄t , x

¯s
= x

¯tthen these estimates are the true conditional probabilities (i.e.αt(µ) = µs/(µs + µt)).
Furthermore, if the subjective probability is denotedπ thenβt = πs/(πs +πt)). In general,
however, the estimates may deviate from the conditional probabilities. For instance, if�̂ and
� satisfy the axioms of expected utility and the corresponding von Neumann–Morgenstern
utility functions are state-dependent then,

αt(µ) = µs[us(x̄s) − us(x
¯s
)]

µs[us(x̄s) − us(x
¯s
)] + µt [ut(x̄t) − ut(x

¯t
)]

and

βt = πs[us(x̄s) − us(x
¯s
)]

πs[us(x̄s) − us(x
¯s
)] + πt [ut(x̄t) − ut(x

¯t
)]
.

In either case the estimates characterize the rate of substitution between the gain in state
s form getting the payoff̄xs instead ofx

¯s
and the loss in statet form getting the payoffx

¯tinstead of̄xt . That is

αt(µ)
−1 = 1 + µt [ut(x̄t) − ut(x

¯t
)]

µs[us(x̄s) − us(x
¯s
)]

and β−1
t = 1 + πt [ut(x̄t) − ut(x

¯t
)]

πs[us(x̄s) − us(x
¯s
)]
.

If the utility functions representing the preferences relations�̂ and� are not linear in the
probabilities then the estimates may depend on the entire vector of payoffs.

Concordance requires that whenever these estimates are in agreement (i.e. when for
some non-null states, µ satisfiesαt(µ) = βt , for all t ∈ S − {s}) then the underlying
preference relationŝ� and� must be in agreement on the ranking of acts that differ
only on two-state events,{{s, t} ⊂ S|t ∈ S − {s}}, and the ranking of the corresponding
interim-state lotteries. But the ratio of the probabilitiesµt/µs is constant. Hence, if there
are subjective probabilities,πs andπt , whose ratio isπt/πs = µt/µs then concordance
forces the tastes as embodied by the implicit rates of substitution underlying�̂ and� to be
the same. Put differently, the axiom asserts that the implicit valuations of prizes that govern
the hypothetical choices are the implicit valuations that govern the real choices.

7 This is an implication of the “mixture monotonicity” property exhibited by�̂. SeeAppendix Afor the definition
and proof.
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The actsf andg are said toagree outside the event {s, t} if fs′ = gs′ for all s′ /∈ S−{s, t}.
With these definitions in mind we state the concordance axiom.

A.6 (Concordance). Fix some non-null states ∈ S and a probability measureµ ∈ M. If
βr = αr(µ) for everyr ∈ S − {s} then

µ ⊗ f �̂µ ⊗ g ⇔ f � g

for everyf, g ∈ H that agree outside some event in{{s, t} ⊂ S|t ∈ S − {s}}.

The next lemma contains a critical observation, namely, that for some probability measure
µ ∈ M, βt = αt(µ) for all t ∈ S − {s}. Thus, the concordance axiom is not vacuous.

Lemma 2. There exists µ ∈ M such that βr = αr(µ) for all r ∈ S − {s}.

3. Representation

3.1. Concordance extended

As a preliminary step toward the statement of our main representation theorem we show,
in the next lemma, that the agreement between the preference relation over acts and the
restricted preference relation over interim-state lotteries imposed by the concordance axiom
is sufficient to ensure that these two relations agree over the entire set of acts. To state the
next result we sayf (strictly) first-order stochastically dominatesg state-wise, written
f ≥1

H (>1
H)g, if fs ≥1

s gs for all s ∈ S (and withft >1
t gt for some non-nullt ∈ S).

Lemma 3. Assume that � and �̂ satisfy A.1–A.6and let µ∗ ∈ M be such that µ∗
s > 0 and

β = α(µ∗). Then for each triple of acts f, g, h ∈ H , for which g >1
H h and g ≥1

H f ≥1
H h,

and for every event E ⊂ S, for which s is an element, there exists a unique α ∈ [0,1], such
that

µ∗ ⊗ f ∼̂µ∗ ⊗
[
αgt + (1 − α)ht t ∈ E

fs′ s′ /∈ E

]
⇔ f ∼

[
αgt + (1 − α)ht t ∈ E

fs′ s′ /∈ E

]
.

3.2. The main theorem

Each functionV : L̂ → R induces a preference relation onL̂. In particular, it induces
a preference relation overC, the set of state-prize pairs. Hence, we can define the partial
ordering over degenerate interim-state lotteries of first-order stochastic dominance with
respect to the preference relation overC that is induced byV .

Definition 3. Fix a functionV : L̂ → R. For any pair of roulette lotteriesp ∈ �(Xs)

and q ∈ �(Xt), the degenerate interim-state lottery that yieldsp on states is said to
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first-order stochastically dominate with respect to the order on C induced by V the de-
generate interim-state lottery that yieldsq on statet (written (s, p) ≥1

V (t, q)) if, for all
(r, x) ∈ C, ∑

{y∈Xs:V(δs⊗(x
¯

−s,y))≥V(δr⊗(x
¯

−r,x))}
p(y) ≥

∑
{z∈Xt :V(δt⊗(x

¯
−t ,z))≥V(δr⊗(x

¯
−r,x))}

q(z).

Furthermore,p (on states) is said tostrictly first-order stochastically dominate with respect
to the order on C induced by V the degenerate interim-state lottery that yieldsq on statet
(written (s, p) >1

V (t, q)), if, in addition, strict inequality holds for some(r, x) ∈ C.

Using Definition 3, we define a partial order on̂L, induced byV , that we refer to as
V -dominance.

Definition 4. Fix a functionV : L̂ → R. Set≥V equal to the union of the following two
sets:

1. {(µ ⊗ f,µ ⊗ g) : µ ∈ M,f, g ∈ H, (s, fs) ≥1
V (s, gs), for all s ∈ S}.

2. {(ν ⊗ f,µ ⊗ f) : µ, ν ∈ M,f ∈ H, s.t. νs > µs andµs′ = νs′ , for all s′ /∈ {s, t}, (s, fs)
≥1
V (t, ft)}.

Set≥V

L̂
equal to the transitive closure of≥V and set>V

L̂
equal to the asymmetric part of

≥V

L̂
.

Our notion of monotonicity forV is the functional analog of the conjunction of intra-state
monotonicity, ordinal act independence and inter-state monotonicity for a preference rela-
tion defined over̂L. It says that ifµ⊗ f (strictly)V -dominatesν⊗ g thenV(µ⊗ f) ≥ (>)

V(ν ⊗ g).

Definition 5. A function V : L̂ → R is said to be strictly monotonic if, for all pairs of
interim-state lotteries,µ ⊗ f , ν ⊗ g ∈ L̂, µ ⊗ f ≥V

L̂
(>V

L̂
)ν ⊗ g impliesV(µ ⊗ f) ≥

(>)V(ν ⊗ g).

With this notion of monotonicity in mind we are in a position to state our main result. A
functionF : D → R is said torepresent the binary relation� onD if, for all y, z ∈ D,
y � z ⇔ F(y) ≥ F(z). Moreover, ifD is a mixture space,F is said to bemixture continuous
if F(αy + (1 − α)z) is continuous inα for all y, z ∈ D.

Theorem 1. Let � and �̂ be binary relations on H and L̂, respectively, satisfying state-
preference overlap. Then the following conditions are equivalent:

(i) The binary relations � and �̂ satisfy, weak-order A.1, Archimedean A.2, intra-state
monotonicity for acts A.3, ordinal act independence A.4, inter-state monotonicity A.5
and concordance A.6.

(ii) There exists a unique probability measure π on S such that πs = 0 if and only if s is
null, and a mixture continuous, strictly monotonic function V : L̂ → R such that:
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(a) V represents �̂.
(b) For all f, g ∈ H , f � g ⇔ V(π ⊗ f) ≥ V(π ⊗ g).

4. Special cases

4.1. Expected utility theory

A special case of our theory of quantifiable beliefs is obtained if the preference relations
� and�̂ satisfy the independence axiom of expected utility theory.

A.7 (Independence). For allf, g, h ∈ H , ν, µ, η ∈ M, andα ∈ (0,1],

(i) f � g ⇔ αf + (1 − α)h � αg + (1 − α)h.
(ii) ν ⊗ f �̂µ ⊗ g ⇔ α(ν ⊗ f) + (1 − α)(η ⊗ h)�̂α(µ ⊗ g) + (1 − α)(η ⊗ h).

The next theorem due toKarni and Schmeidler (1980)is obtained as a special case of
out theory.

Theorem 2. Let � and �̂ be binary relations on H and L̂, respectively, that satisfy
state-preference overlap. Then the following conditions are equivalent:

(i) Each of the preference relations � and �̂ satisfy A.1, A.2, A.6 and A.7.
(ii) There exists a real-valued function u on {(s, x)|s ∈ S, x ∈ Xs} and a probability

measure π ∈ M such that, for all f, g ∈ H

f � g ⇔
∑
s∈S

πs
∑
x∈Xs

u(s, x)fs(x) ≥
∑
s∈S

πs
∑
x∈Xs

u(s, x)gs(x)

and, for all µ ⊗ f , ν ⊗ g ∈ L̂

µ ⊗ f �̂ν ⊗ g ⇔
∑
s∈S

∑
x∈Xs

u(s, x)µsfs(x) ≥
∑
s∈S

∑
x∈Xs

u(s, x)νsgs(x).

Moreover, (a)π is unique and π(s) = 0 if and only if s is null, and (b) u is unique up to
positive linear transformation.

If we assume, in addition, that� and�̂ satisfy state-independence then we get a version
of the theory ofAnscombe and Aumann (1963). Specifically, letXs = X for all s ∈ S, and
assume as follows.

A.8 (State-independence). For allh ∈ H , ν ∈ M andp, q ∈ �(X),

(i) If for some non-null states ∈ S, (h−s, p) � (h−s, q) then(h−t , p) � (h−t , q) for every
t ∈ S.

(ii) If for some s ∈ S such thatνs > 0, ν ⊗ (h−s, p) �̂ ν ⊗ (h−s, q) thenν ⊗ (h−t , p) �̂
ν ⊗ (h−t , q) for every statet ∈ S.
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Clearly,Theorem 2implies a subjective expected utility representations. Specifically, the
following follows directly from the preceding theorem.

Corollary 1. Let � and �̂ be binary relations on H and L̂. Suppose that Xs = X for each
s ∈ S and � is non-empty.8 Then the following conditions are equivalent:

(i) Each of the preference relations � and �̂ satisfy A.1, A.2, A.6, A.7and A.8.
(ii) There exists a real-valued functionu onX,a probability measureπ ∈ M,and b, a ∈ R

S+
such that, for all f, g ∈ H

f � g ⇔
∑
s∈S

πs
∑
x∈Xs

bsu(x)fs(x) ≥
∑
s∈S

πs
∑
x∈Xs

bsu(x)gs(x)

and, for all µ ⊗ f , ν ⊗ g ∈ L̂

µ⊗f �̂ν ⊗ g ⇔
∑
s∈S

∑
x∈Xs

[bsu(x) + as] µsfs(x)≥
∑
s∈S

∑
x∈Xs

[bsu(x)+as]νsgs(x).

Moreover, (a)π is unique and π(s) = 0 if and only if is null, and (b) u is unique up to
positive linear transformation and b and a are unique.

The representation inCorollary 1differs from that ofAnscombe and Aumann (1963)in
that the valuation of outcomes, but not the ranking of roulette lotteries, may vary across
states. Thus, it may be the case thatbs �= bt . In this case, AA will redefine the state
probabilities as follows:

π̄s = πsbs∑
t∈S πtbt

, for all s ∈ S

to obtain the representation

f � g ⇔
∑
s∈S

π̄s
∑
x∈Xs

u(x)fs(x) ≥
∑
s∈S

π̄s
∑
x∈Xs

u(x)gs(x).

Thus, except for the case in whichbs = b for all s, the AA subjective probabilities misrep-
resents the decision-makers’ beliefs whereas quantifiable beliefs theory, since it implies the
KS model, identifies the correct probability representation of beliefs.9

4.2. Probabilistic sophistication

As already noted, the MS definition of probabilistic sophistication entails two implicit
assumptions, namely, reduction of compound lotteries and state-independence. We show
next that, under these additional assumptions, the theory of quantifiable beliefs implies a
version of MS probabilistic sophistication. Furthermore, as is the case of the KS versus

8 Notice that the hypothesis of the theorem implies A.0.
9 A more elaborate discussion of this point as well as the methodological issues it raises is provided inKarni

and Mongin (2000).
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the AA definition of subjective probabilities, if the theory of quantifiable beliefs and the
theory of probabilistic sophistication yield distinct subjective probabilities then the notion
of subjective probabilities corresponding to quantifiable beliefs is a correct representation
of the decision-makers’ beliefs while that of probabilistic sophistication is not. In other
words, suppose we start with a given probability distribution over the set of states that we
know represents the decision-maker’s beliefs and on the basis of these probabilities induce
a preference relation on acts that satisfies the requirements of probabilistic sophistication.
Whereas the probabilities that figure in the theory of quantifiable beliefs are those that
represent the decision-maker’s beliefs, this is not necessarily true of the probabilities that
figure in the MS model. A specific example in given below.

Machina and Schmeidler (1995)embed their theory in the analytical framework of AA.10

They postulate a preference relation on the set of acts,H , and assume that, for alls ∈ S,
Xs = X, �(Xs) = L, and thatX contains a best and worst outcomes, denoted byM and 0,
respectively.11 We assume, therefore, that these restrictions hold in our model.

To conform with the MS definition of probabilistic sophistication, we assume a ‘state-
independent reduction of compound lotteries’ property. To facilitate the exposition we
introduce the following additional notations: (i) for eachx ∈ X, let x also denote the
constant actf , for whichfs = δx for all s ∈ S; (ii) for eachµ⊗ f ∈ L̂ denote by(µ⊗ f)m
its marginal distribution onX (i.e. for eachx ∈ X, (µ ⊗ f)m(x) = ∑

s∈S µsfs(x).) We
shall also introduce a first-order stochastic dominance partial ordering for distributions on
X where the dominance is with respect to the restriction of� to constant acts that yield a
degenerate roulette lottery.

Definition 6. For any pair of interim-state lotteriesµ⊗ f andν⊗ g ∈ L̂, (µ⊗ f)m is said
to first-order stochastically dominate (ν ⊗ g)m (written (µ ⊗ f)m ≥1

X (ν ⊗ g)m), if

∑
{y:y�x}

(µ ⊗ f)m(y) ≥
∑

{y:y�x}
(ν ⊗ g)m(y) for all x ∈ X.

Furthermore,(µ⊗f)m is said tostrictly first-order stochastically dominate (ν⊗g)m (written
(µ ⊗ f)m >1

X (ν ⊗ g)m) if, in addition, strict inequality holds for somex ∈ X.

In our framework, the MS notion of probabilistic sophistication requires, in addition, as
follows.

A.9 For allµ ∈ M and allf, g ∈ H , (µ⊗f)m ≥1
X (>1

X)(µ⊗g)m impliesµ⊗f �̂(�̂)µ⊗g.

We may now state the probabilistic sophistication version of our result.

10 The MS model does not require the state-space to be finite. Our treatment, however, is confined to the case of
a finite state space.
11 To be exact, Machina and Schmeidler define a preference relation on a set that includes pure roulette, pure

horse lotteries, and horse/roulette lotteries. However, pure roulette lotteries are constant acts with nondegenerate
roulette lotteries as outcomes, pure horse lotteries are acts with degenerate lotteries as outcomes, both of these are
specific cases of horse/roulette lotteries, which are acts in our terminology.
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Theorem 3. Let � and �̂ be binary relations on H and L̂. Suppose that Xs = X for
each s ∈ S, � is non-empty and there exists a best and worst outcome. Then the following
conditions are equivalent:

(i) Both preference relations � and �̂ satisfy A.1 and A.2.Furthermore, � satisfies A.3,
�̂ satisfies A.9 and jointly they satisfy A.4 and A.6.

(ii) There exists a real-valued function V : L → R and a probability measure π ∈ M,

f � g ⇔ V

(∑
s∈S

πsfs

)
≥ V

(∑
s∈S

πsgs

)

and, for all µ ⊗ f , ν ⊗ g ∈ L̂

µ ⊗ f �̂ν ⊗ g ⇔ V

(∑
s∈S

µsfs

)
≥ V

(∑
s∈S

νsgs

)
.

Moreover, π is unique and π(s) = 0 if and only if s is null.

The theory of probabilistically sophisticated choice is a special case of quantifiable beliefs
theory. However, there are instances in which, analogously to the conflict between the KS
and the AA definitions of subjective probabilities, the two theories agree on the preferences
over acts and yet yield different probabilities measures on set of states. This is due to
the fact that the state-independence axiom A.9 is an inherent property of probabilistic
sophistication but is not necessarily a property of quantifiable beliefs theory. Suppose that
there areµ ⊗ f andν ⊗ g in L̂ such that(µ ⊗ f)m = (ν ⊗ g)m and yetµ ⊗ f �̂ν ⊗
g. Since the theory of probabilistically sophisticated choice does not “see”�̂ and is not
concerned with this auxiliary preference relation, it forces the subjective probabilities to
be consistent with A.9 even though these probabilities implyµ ⊗ f ∼̂ν ⊗ g. Hence, the
notion of subjective probabilities corresponding to probabilistically sophisticated choice
may misrepresent the decision-maker’s beliefs. Recall that the AA theory is a special case
of probabilistic sophistication and the KS theory is a specific case of quantifiable beliefs.
For expected utility theory this point is made at the end of the preceding section. The
following example shows that the problem is not confined to subjective expected utility
theory.

Example 1. Let S = {1,2}, X1 = X2 = [0,2] and consider a decision-maker who
believes that the two states are equally likely to occur. Suppose further that his preferences
overL̂ is represented by a weighted utility functional with state-independent utility function
u(s, x) = u(x) = x and state-dependent weight functionŵ(s, x) = b(s)w(x), whereb(s) =
s, w(x) = 1/(1 + x). Let f andg be “pure horse lotteries” given byf(1) = 1, f(2) = 1,
g(1) = 0 andg(2) = 2. Then, given the decision-maker’s beliefsπ1 = π2 = 1/2, by
weighted utility theory,12 we have

12 SeeChew (1983).
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f � g ⇔ (1/2)u(f(1))w(f(1)) + (1/2)u(f(2))2w(f(2))

(1/2)w(f(1)) + (1/2)2w(f(2))

≥ (1/2)u(g(1))w(g(1)) + (1/2)u(g(2))2w(g(2))

(1/2)w(g(1)) + (1/2)2w(g(2))
.

The MS definition of subjective probabilities will merge the weight coefficientsb(s)with
the actual probabilities to obtain the probabilitiesµ1 = 1/3 andµ2 = 2/3. Moreover, the
induced lotteries are

(µ ⊗ f)m =
[
1, 1

3; 1, 2
3

]
= [1; 1] and (µ ⊗ g)m =

[
0, 1

3; 2, 2
3

]
.

Applying the weighted utility representation, we obtain:

f � g ⇔ (1/3)u(1)w(1)+(2/3)u(1)w(1)

(1/3)w(1)+(2/3)w(1)
≥ (1/3)u(0)w(0)+(2/3)u(2)w(2)

(1/3)w(0)+(2/3)w(2)
= 4

5
.

Thus the MS definition of subjective probabilities is consistent with the decision-maker’s
choice-behavior but it is at variance with his beliefs.

Next we show that, in this case, the MS definition of subjective probabilities violates
the quantifiable beliefs model. Suppose, by way of negation, that the MS definition of
subjective probabilities is consistent with the definition of probabilities according to the
theory of quantifiable beliefs. Observe that, given the MS subjective probabilities, the model
of quantifiable beliefs requires thatf � g impliesµ ⊗ f �̂µ ⊗ g. But the weighted utility
representation implies,

(1/3)u(1)w(1) + (2/3)2u(1)w(1)

(1/3)w(1) + (2/3)2w(1)
≤ (1/3)u(0)w(0) + (2/3)u(2)2w(2)

(1/3)w(0) + (2/3)2w(2)
= 8

7
.

A contradiction.

4.3. Recursive preferences

As stated in the introduction, the framework of interim-state lotteries can accommodate
recursivity in the decision-making process. The idea is the following: if a decision-maker
who, were he sure that a particular states were going to obtain, would strictly prefer to
have the roulette lotteryp in that state to the roulette lotteryq, then, provided states is
non-null, he should prefer any act that yields the roulette lotteryp in states over another
act that is identical to the first act everywhere outside of states, but yields the roulette
lotteryq in states. The analogous property also holds for his preferences over interim-state
lotteries. For the particular case in whichp >1

s q, this form of recursivity is already implied
by intra-state monotonicity, ordinal act independence and transitivity (seeLemma 1). For
recursive preferences we extend it to hold for any pair of lotteries by strengthening ordinal
act independence to hold for non-degenerate as well as degenerate roulette lotteries.

A.10 (Lottery ordinal act independence). For any non-null states ∈ S, any pair of roulette
lotteriesp, q ∈ �(Xs), any pair of actsf, g ∈ H and any probability measureµ ∈ M, such
thatµs > 0 : µ ⊗ (f−s, p)�̂µ ⊗ (f−s, q) if and only if (g−s, p) � (g−s, q).
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If a function defined over the set of interim-state lotteries is to induce a preference relation
that satisfies A.10 then it must be a member of the following class of functions.

Definition 7. A function V : L̂ → R is said to berecursive if for any actf ∈ H , any
states ∈ S, any probability measureµ ∈ M, with µs > 0, and any pair of roulette lotteries
p, q ∈ �(Xs),

V(δs ⊗ ((x
¯
)−s, p)) ≥ V(δs ⊗ ((x

¯
)−s, q)) ⇔ V(µ ⊗ (f−s, p)) ≥ V(µ ⊗ (f−s, q)).

The following corollary to our main representationTheorem 1states that strengthening
A.4 to A.10 provides a characterization of preferences that can be represented by quantifiable
beliefs and a recursive preference functional.

Corollary 2. Let � and �̂ be binary relations on H and L̂, respectively. Given � and �̂
satisfy state-preference overlap then the following conditions are equivalent:

(i) The binary relations � and �̂ satisfy, weak-order A.1, Archimedean A.2, intra-state
monotonicity A.3, lottery ordinal act independence A.10, inter-state monotonicity A.5
and concordance A.6.

(ii) There exists a unique probability measure π on S such that πs = 0 if and only if s is
null and a mixture continuous, strictly monotonic and recursive function V : L̂ → R

such that:
(a) V represents �̂.
(b) For all f, g ∈ H ,

f � g ⇔ V(π ⊗ f) ≥ V(π ⊗ g).

In the next section, we provide an example of a recursive function that generates a pref-
erence relation over interim-state lotteries that is consistent with a preference relation over
acts that in turn can rationalize behavior consistent with the well-known Ellsberg paradox.

4.4. Recursivity without reduction and the Ellsberg paradox

Ellsberg (1961)provided the following thought experiment to support his thesis that sub-
jective beliefs need not always be ‘quantifiable’ by a probability measure. An urn contains
90 balls, of which 30 are known to be red. The other 60 are either black or white, but the
decision-maker does not know precisely the numbers of each. One ball will be drawn from
this urn. Consider the following four “bets”.

B1 Win if the ball drawn is red, otherwise lose.
B2 Win if the ball drawn is black, otherwise lose.
B′

1 Win if the ball drawn is red or white, otherwise lose.
B′

2 Win if the ball drawn is black or white, otherwise lose.

Ellsberg predicted that most people would prefer the betB1 to the betB2, but would
also prefer the betB′

2 to the bet B′
1. Although Ellsberg did not run any formal
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experiments himself, a number of papers report that his predictions have been borne
out.13

A number of researchers, including, among others,Gardenfors and Sahlin (1982, 1983)
andSegal (1987)have argued that this problem of decision making under uncertainty is best
represented as atwo-stage process. In the first stage, an urn with anunknown distribution
of balls is selected and in the second stage a ball is drawn from this urn. Thus given the
information above, the state-space can be taken to consist of sixty-one elements: one for
each possible distribution of balls that the urn could conceivably have. That is, for each
s ∈ {0,1, . . . ,60}, s ∈ S is the state that corresponds to the urn containing 30 red balls,s

black balls and 60− s white balls. The set of (state-independent) outcomes is simply the set
X := {win, lose}. In this framework, the betsB1 andB′

2 correspond to the ‘constant’ acts,
f andg′ in whichfs(win) = 1/3 andg′

s(win) = 2/3, for everys ∈ S. The betsB2 andB′
1

on the other hand correspond to the non-constant acts,g andf ′ in which gs(win) = s/90
andf ′

s(win) = (90− s)/90 for eachs ∈ S.
Ellsberg’s predicted choices for the two problems are inconsistent with a pair of prefer-

ence relations over acts and interim-state lotteries that satisfy our theorem and also respect
the reduction property embodied in the MS state-independence axiom A.9. To see this, no-
tice that ifµ were the probability distribution overS that “quantified” the decision-maker’s
beliefs, thenf � gwould entailµ⊗f �̂µ⊗g and by A.9 we would have “not(µ⊗g)m ≥1

X

(µ ⊗ f)m”, or equivalently,

1

3
>

60∑
s=0

µs

s

90
.

However,g′ � f ′ would requireµ ⊗ g′�̂µ ⊗ f ′ and A.9 in this case would imply

2

3
>

60∑
s=0

µs

(
90− s

90

)
⇔

60∑
s=0

µs

s

90
>

1

3
,

a contradiction.
But asSegal (1987)demonstrates by way of an example a preference relation over

two-stage lotteries that does not obey the reduction property embodied in A.9 can rationalize
choices consistent with Ellsberg’s prediction.

For example, suppose the preference relation�̂ over the set of interim-state lotteriesL̂
can be represented by the rank-dependent utility functional

V(ν ⊗ h) =
59∑
i=0

g


 i∑

j=0

νϕ−1(j;h)


 [Π(h)i(win) − Π(h)i+1(win)] + Π(h)60(win),

(1)

13 SeeCamerer (1995, p. 646)for references and discussion of the literature on experimental tests of ‘ambiguity
aversion’.
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where the probability transformation function,g, is given by

g(p) =



1
2p, if p ∈ [0, 1

2]

3
2p − 1

2, if p ∈ (1
2,1]

andΠ : H → H is defined byΠ(h)i = hϕ(i;h), whereϕ(·;h) : S → S is a permutation
satisfyinghϕ(i;h)(win) ≥ hϕ(i+1;h)(win) for i = 0, . . . ,59.

Further suppose, that� can be represented by the restriction of�̂ to interim-state lotteries
whose marginal distribution over the states is the uniform distribution. That is,πs = 1/61
for all s ∈ S. Hence, for every pairh, h′ ∈ H , h � h′ if and only ifV(π ⊗ h) ≥ V(π ⊗ h′).
Notice that�̂ and� conform to the special case characterized inCorollary 2which can
be represented by quantifiable beliefs and a recursive preference functional. Moreover, we
have

V(π ⊗ f) = 1
3 > V(π ⊗ g) ≈ 0.238,

V(π ⊗ g′) = 2
3 > V(π ⊗ f ′) ≈ 0.571.

An alternative approach to resolving the Ellsberg paradox is presented inSchmeidler (1989).
He also adopts the Anscombe–Aumann framework of two-stage horse/roulette lottery acts
and provides an axiomatic characterization for preference relations that admit a Choquet
Expected Utility (CEU) representation of the form

CEU(h) =
59∑
i=0

ψ({ϕ−1(0;h), . . . , ϕ−1(i;h)})

× [u(Π(h)i) − u(Π(h)i+1)] + u(Π(h)60),

whereψ : 2S → [0,1] is a normalized capacity.14 Notice, however, that the functional
defined in(1) may also be viewed as a member of the class of CEU functionals. The
capacityψ is given byψ(E) = g

(∑
s∈E πs

)
for eachE ⊂ S, and the (expected) utility

function is given byu(hs) = hs(win) for everyh ∈ H and everys ∈ S. Thus, in addition to
reinforcing the insight ofSegal (1987)that Ellsberg-type behavior can be accommodated in
a two-stage lottery framework in which reduction is dropped but recursivity is retained, the
example above also suggests that once we dispense with reduction we may still have choice
behavior under uncertainty that accords with the predictions of the so-called non-additive
belief models of Choquet Expected Utility theory or Maxmin Expected Utility but which
may yet allow for beliefs thatare quantifiable with a probability measure in the sense of
theTheorem 1.

The fact that quantifiable beliefs theory is not incompatible with the obesrvations of
Ellsberg may raise a concern regarding its empirical implications. In other words, it is
natural to ask what evidence would constitute a refutation of quantifiable beliefs theory?
An examination of the axiomatic structure reveals that evidence regarding choice-behavior
alone (namely, choice among elements ofH) is sufficient to refute the intra-state outcome

14 That is,ψ(∅) = 0,ψ(S) = 1 and for allA,B ⊂ S, A ⊂ B ⇒ ψ(A) ≤ ψ(B).
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monotonicity (in addition to the obvious weak-order, and Archimedean axioms). All the
other ingredients of the theory involve the preference relation over interim-state lotteries as
well as the preference relation over acts, hence, a test of these aspects of the theory must
relay on comparing the verbal expression of preferences among interim-state lotteries with
the decision-maker’s actual choice-behavior (i.e. invoking the methodological approach
alluded to by Savage and Koopmans in the Introduction). Perhaps the most interesting test
of the theory would consist of an experimental elicitation of theµ that makes theα(µ) = β,
so that the hypothesis of the Concordance axiom is satisfied, and, given thatµ checking
whether the decision-maker’s expression of preferences among the interim-state lotteries
agree with his ranking of the acts. The theory would be refuted if there are actsf, g and
statess, t such that this agreement fails.
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Appendix A. Preliminary results

The following results will be used in the proof of the main representation theorem. To
facilitate the exposition we introduce the following notations and definitions. We define a
partial order,≥

L̂
, on the set of interim-state lotteries as follows: iff ≥1

H g then for any
µ ∈ M, we writeµ⊗ f ≥1

L̂
µ⊗ g; and, for any actf ∈ H and any pair of states,s, t ∈ S,

if (s, fs) ≥1
C (>1

C)(t, ft) then, for anyµ, ν ∈ M, such thatµs > νs, andµs′ = νs′ for all
s′ ∈ S − {s, t}, we writeµ ⊗ f ≥1

L̂
ν ⊗ f . Let ≥

L̂
be the transitive closure of≥1

L̂
, and

let >
L̂

denote the asymmetric part of≥
L̂

. If µ ⊗ f ≥
L̂
ν ⊗ g, then we shall say that the

interim-state lotteryµ ⊗ f indirectly first-order stochastically dominates the interim-state
lotteryν ⊗ g. Similarly, if µ⊗ f >

L̂
ν ⊗ g then we shall say thatµ⊗ f indirectly strictly

first-order stochastically dominatesν ⊗ g.

Definition 8.

(a) The binary relation� satisfiesmixture monotonicity if, for all f, g ∈ H such that
f >1

H g, and allα, β ∈ [0,1]:

α ≥ β ⇔ αf + (1 − α)g � βf + (1 − β)g.

(b) The binary relation̂� satisfiesmixture monotonicity if, for all f, g ∈ H ,µ, ν ∈ M such
thatµ ⊗ f >

L̂
ν ⊗ g, andα, β ∈ [0,1]:

α ≥ β ⇔ α(µ ⊗ f) + (1 − α)(ν ⊗ g)�̂β(µ ⊗ f) + (1 − β)(ν ⊗ g).
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Lemma 4 (Mixture monotonicity). Axioms A.1, and A.3–A.5imply that � and �̂ satisfy
mixture monotonicity.

Proof. Sincep ≥1
s (>

1
s ) p

′ impliesαp+(1−α)p′ ≥1
s (>

1
s )βp+(1−β)p′ for allα, β ∈ [0,1]

such thatα ≥ β (α > β), the conclusion follows for� directly from state by state repeated
applications ofLemma 1. The result for�̂ follows by the same reasoning using inter-state
monotonicity and the fact that≥

L̂
is the transitive closure of≥1

L̂
. �

Definition 9.

(a) The binary relation� satisfiesmixture solvability if, for all f, g, h ∈ H such that
f >1

H g, andf � h � g there exists a uniqueα ∈ [0,1] such thatαf + (1 − α)g ∼ h.
(b) The binary relation�̂ satisfiesmixture solvability if for all f, g, h ∈ H , and for all

µ, ν, η ∈ M such thatµ⊗ f >
L̂
ν⊗ g, andµ⊗ f �̂η⊗h�̂ν⊗ g, there exists a unique

β ∈ [0,1] such thatβ(µ ⊗ f) + (1 − β)(ν ⊗ g)∼̂η ⊗ h.

Lemma 5 (Mixture solvability). Axioms A.1–A.5 imply that � and �̂ satisfy mixture
solvability.

For a proof seeFishburn (1970, Lemma 3.1, p. 33).

Appendix B. Proofs

Proof of Lemma 1. Fix a non-null states, and any actf . The lemma follows immediately
from the following well-known fact: ifp first-order stochastically dominatesp′ then there
exists a finite sequence of roulette lotteries(pk)

N
k=1, for which p1 = p, pN = p′ and

for every k = 1, . . . , N − 1, there existsqk ∈ �(Xs), xk, yk ∈ Xs andαk ∈ [0,1],
satisfying,xk�̂syk, pk = (1 − αk)qk + αkδ

yk andpk+1 = (1 − αk)qk + αkδ
xk . Hence, by

intra-state monotonicity and ordinal act independence, we have(f−s, pk) � (f−s, pk+1)

andµ ⊗ (f−s, pk) �̂ µ ⊗ (f−s, pk+1) for all k = 1, . . . , N − 1. The conclusion follows
by transitivity. �

Proof of Lemma 2. Sincex̄ � x
¯
, by ordinal act independence it follows that there is at

least one non-null state. Partition the set of states into two subsets,E andN, whereE is the
set of non-null states andN is the set of null states. By state-preference overlap it follows
that there exists a states ∈ E such that

δt ⊗ x̄�̂δs ⊗ x̄�̂δt ⊗ x
¯
�̂δs ⊗ x

¯
for all t ∈ E.

Ordinal act independence implies that for anyµ ∈ M, with µs, µt > 0,

µ ⊗ ((x
¯
−s, x̄s)

−t , x̄t)�̂µ ⊗ (x
¯
−s, x̄s)�̂µ ⊗ x

¯
.

Furthermore, ordinal act independence also implies

((x
¯
−s, x̄s)

−t , x̄t) � (x
¯
−s, x̄s) � x

¯
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for every non-null statet ∈ E; and

((x
¯
−s, x̄s)

−t , x̄t) ∼ (x
¯
−s, x̄s) � x

¯
for every null statet ∈ N.

By mixture solvability of�, there exists a unique set of(n− 1) numbers(γt)t∈S−{s} that
satisfy,γt ∈ (0,1] and

(x
¯
−s, x̄s) ∼ γt((x

¯
−s, x̄s)

−t , x̄t) + (1 − γt)x
¯
. (B.1)

Notice that for any null statet ∈ N, γt = 1.
Similarly, by mixture solvability of�̂, it follows that for eachµ ∈ M, withµs > 0 there

exists a unique set of(n − 1) numbers(γ̂t)t∈S−{s} such that̂γt ∈ (0,1] and

µ ⊗ (x
¯
−s, x̄s)∼̂γ̂t(µ ⊗ ((x

¯
−s, x̄s)

−t , x̄t)) + (1 − γ̂t)(µ ⊗ x
¯
). (B.2)

Our aim is to show that there existµ ∈ M for which (γ̂t)t∈S−{s} that satisfy(B.2) equal
(γt)t∈S−{s} that satisfy(B.1).

First notice that, for anyµ ∈ M with µs > 0,µt = 0 if and only if γ̂t = 1. So we shall
restrict our attention to probability distributionsµ ∈ M, for whichµt ≥ 0 for all t ∈ E and
µt = 0 for all t ∈ N. Let M̄ denote this restriction ofM.

For eachµ ∈ M̄, setzt(µ) := γ̂t(µ) − γt for eacht ∈ S − {s}, and set

zs(µ) := −
∑

t∈E−{s} µtzt(µ)

µs

.

Sincezt(µ) = 0 for every null statet ∈ N, we have by construction
∑

t∈S µtzt(µ) = 0.
Define onM̄ the functionz+ : M̄ → R

N+ , by z+
t (µ) = max{zt(µ),0}. Continuity ofz+(·)

(in the topology ofRn) follows from the mixture monotonicity and solvability of�̂. Denote
λ(µ) = 1/(

∑
t∈E[µt +z+

t (µ)]). We haveλ(µ) ∈ (0,1] for all µ ∈ M̄. Define a continuous
functiong : M̄ → M̄, by g(µ) = λ(µ)(µ + z+(µ)).15 By Brouwer’s fixed point theorem
there is aµ∗ ∈ M̄, such thatµ∗ = g(µ∗). Furthermore,

0 =
∑
t∈S

µ∗
t zt(µ

∗) =
∑
t∈S

gt(µ
∗)zt(µ∗) = λ(µ∗)

∑
t∈S

z+
t (µ

∗)zt(µ∗). (B.3)

Notice that for anyt, if zt(µ∗) < 0 thenzt(µ∗)z+
t (µ

∗) = 0. Hence,(B.3) implies

zt(µ
∗) ≤ 0 for all t ∈ S. (B.4)

Sincezt(µ∗) = 0 for all t ∈ N, if (B.4) did not hold with equality for allt, then for some
t′ ∈ E, we would havezt′ < 0. But sinceγt′ ∈ (0,1), it follows from (B.2) thatµ∗

t′ > 0,
contradicting(B.3). Hence, we havezt(µ∗) = 0 for all t ∈ S, that is, forµ∗ we have

µ∗ ⊗ (x
¯
−s, x̄s)∼̂γt(µ

∗ ⊗ ((x
¯
−s, x̄s)

−t , x̄t)) + (1 − γt)(µ
∗ ⊗ x

¯
). (B.5)

Thus, by definition ofαt(µ) and βt , zt(µ∗) = 0 implies that, for allt ∈ S − {s},
βt = αt(µ

∗). �

15 The construction of the functiong, a continuous mapping of the simplex̄M into itself draws heavily on the
section inMas-Colell et al. (1995, pp. 586–587)that provides a proof of the existence of a general equilibrium in
an exchange economy for which aggregate excess demand is a ‘well-behaved’function of prices.
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Proof of Lemma 3 (By induction). FromLemmas 4 and 5, it follows that� and�̂ sat-
isfy mixture solvability. By concordance mixture monotonicity and mixture solvability the
lemma holds for any two-element event{s, t}, t ∈ S − {s}. So assume that it holds for any
eventE that consists of no more thank states and of which the states is an element. By the
induction assumption there exists a uniqueβ1 ∈ [0,1] such that

µ∗ ⊗ f ∼̂µ∗ ⊗




β1gt + (1 − β1)ht on t ∈ E − {s}
β1gs + (1 − β1)hs on s

fŝ on ŝ

fs′ on s′ /∈ E ∪ {ŝ}




if and only if

f ∼




β1gt + (1 − β1)ht on t ∈ E − {s}
β1gs + (1 − β1)hs on s

fŝ on ŝ

fs′ on s′ /∈ E ∪ {ŝ}


 .

By transitivity (of indifference), mixture solvability and concordance there exists a unique
β2 ∈ [0,1] such that

µ∗ ⊗ f ∼̂µ∗ ⊗




β1gt + (1 − β1)ht on t ∈ E − {s}
β2gs + (1 − β2)hs on s

β2gŝ + (1 − β2)hŝ on ŝ

f(s′) on s′ /∈ E ∪ {ŝ}




if and only if

f ∼




β1gt + (1 − β1)ht on t ∈ E − {s}
β2gs + (1 − β2)hs on s

β2gŝ + (1 − β2)hŝ on ŝ

f(s′) on s′ /∈ E ∪ {ŝ}


 .

If β1 = β2 then we are done. Otherwise suppose, without loss of generality, thatβ2 >

β1. By transitivity (of indifference), the induction assumption and mixture solvability there
existsβ3 ∈ [0,1] such that

µ∗ ⊗ f ∼̂µ∗ ⊗




β3gt + (1 − β3)ht on t ∈ E − {s}
β3gs + (1 − β3)hs on s

β2gŝ + (1 − β2)hŝ on ŝ

f
(
s′
)

on s′ /∈ E ∪ {ŝ}
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if and only if

f ∼



β3gt + (1 − β3)ht on t ∈ E − {s}
β3gs + (1 − β3)hs on s

β2gŝ + (1 − β2)hŝ on ŝ

f
(
s′
)

on s′ /∈ E ∪ {ŝ}


 .

Mixture monotonicity impliesβ3 ∈ (β1, β2). Reiterating this procedure, we produce
two sequences:β1 < β3 < · · · < β2i+1 < · · · andβ2 > β4 > · · · > β2i > · · · . Both
sequences are bounded above by 1 and below by 0, and so the first sequence has a least
upper bound,̄b, and the second sequence has a greatest lower bound,b̄. Furthermore, by
mixture solvability, there is aunique β ∈ (0,1) such that

f ∼



βgt + (1 − β)ht on t ∈ E − {s}
βgs + (1 − β)hs on s

βgŝ + (1 − β)hŝ on ŝ

f
(
s′
)

on s′ /∈ E ∪ {ŝ}


 .

Transitivity and the definition of̄b and b
¯

imply β = b̄ = b
¯
. This completes the

proof. �

Proof of Theorem 1. (i) ⇒ (ii). Deriving a representation of �̂.16 For any(s, y), (t, z) ∈ C,
such thatδt ⊗ (x̄−t , z)�̂δs ⊗ (x

¯
−s, y) define the (open) “order-interval”

I((s, y), (t, z)) = {µ ⊗ f ∈ L̂ : δt ⊗ (x̄−t , z)�̂µ ⊗ f �̂δs ⊗ (x
¯
−s, y)}.

Fix s ∈ S. For eachµ⊗ f ∈ I((s, x
¯s
), (s, x̄s)), by mixture solvability there exists a unique

numberα(µ ⊗ f) ∈ (0,1) such that

µ ⊗ f ∼̂α(µ ⊗ f)(δs ⊗ x̄) + (1 − α(µ ⊗ f))(δs ⊗ x
¯
).

Moreover, for any otherν ⊗ g ∈ I((s, x
¯s
), (s, x̄s)), by mixture monotonicity

α(µ ⊗ f) ≥ α(ν ⊗ g) ⇔ µ ⊗ f �̂ν ⊗ g.

DefineF : I((s, x
¯s
), (s, x̄s)) → (1/4,3/4) by F(µ ⊗ f) = α(µ ⊗ f)/2 + 1/4.

The method of proof is to show that the set{µ⊗ f ∈ L̂ : µ⊗ f �̂δs ⊗ x̄} can be covered
by a countable union of nested “order-intervals” and then to show that�̂ restricted to this
set can be represented by a function whose range is a subset of(3/4,1]. A similar argument
can then be applied to the set{µ⊗ f ∈ L̂ : δs ⊗ x

¯
�̂µ⊗ f } to demonstrate that̂� restricted

to that set can be represented by a function whose range is a subset of [0,1/4).
Consider the setU that consists of pairs of the form(IU, FU) whereIU is the countable

union of the set of intervals{I((s, x̄s), (t1, z1)), I((s, x̄s), (t
2, z2)), . . . } with (ti, zi) ∈ C

16 The following argument draws heavily on an analogous result by Grant and Atsushi Kajii which appeared in
Grant (1995, Proof of Theorem II, Step 5, pp. 187–188).



S. Grant, E. Karni / Journal of Mathematical Economics 40 (2004) 515–546 541

andδt
i+1 ⊗ (x̄−ti+1

, zi+1) �̂ δt
i ⊗ (x̄−ti , zi) for all i = 1,2, . . . ; andFU : L̂ → [3/4,1]

that representŝ� onIU . For everyµ⊗ f ∈ I(δt
i−1 ⊗ (x̄−ti−1

, zi−1), δt
i ⊗ (x̄−ti , zi)), where

t0 := s, defineλi(µ ⊗ f) by

µ ⊗ f ∼̂λi(µ ⊗ f)(δt
i ⊗ (x̄−ti , zi)) + (1 − λi(µ ⊗ f))(δt

i−1 ⊗ (x̄−ti−1
, zi−1)).

We can find an appropriateFU by taking the limit of a sequence of functionsFU
i defined as

FU
1 (µ ⊗ f) =




3
4, if δs ⊗ x̄�̂µ ⊗ f

3
4 + 1

8λ1(µ ⊗ f), if µ ⊗ f ∈ I(δs ⊗ x̄, δt
1 ⊗ (x̄−t1, z1))

7
8, if µ ⊗ f �̂δt

1 ⊗ (x̄−t1, z1)

FU
2 (µ ⊗ f) =




FU
1 (µ ⊗ f), if δt

1 ⊗ (x̄−t1, z1)�̂µ ⊗ f

7
8 + 1

16λ2(µ ⊗ f), if µ ⊗ f ∈ I(δt
1 ⊗ (x̄−t1, z1), δt

2 ⊗ (x̄−t2, z2))

15
16, if µ ⊗ f �̂δt

2 ⊗ (x̄−t2, z2)

...

FU
i (µ ⊗ f)

=




FU
i−1(µ ⊗ f), if δt

i−1 ⊗ (x̄−ti−1
, zi−1)�̂µ ⊗ f

1 − 2−i−1 + 2−i−2 × λi(µ ⊗ f), if µ ⊗ f ∈ I(δt
i−1 ⊗ (x̄−ti−1

, zi−1), δt
i ⊗ (x̄−ti , zi))

1 − 2−i−2, if µ ⊗ f �̂δti ⊗ (x̄−ti , zi)

U can be endowed with the following ordering,≥U , defined as follows:(IU, FU) ≥U

(IU
′
, FU ′

) if and only if IU
′ ⊆ IU . Clearly,≥U is a partial order. Thus, by the Hausdorff

Maximal Principle (seeRoyden, 1988, p. 25), there exists a maximal linearly ordered (with
respect to≥U ) setU∗ ⊂ U. LetIU

∗
be the union ofIU ’s inU∗. DefineFU∗

naturally, that is,
FU∗

(µ⊗f) = FU(µ⊗f)whereFU is such that(IU, FU) is inU∗ andµ⊗f ∈ IU
∗
. Notice

that although there may be manyFU ’s that satisfy the condition above,FU∗
is well defined

sinceFU(µ⊗ f) = FU ′
(µ⊗ f) for all FU andFU ′

such that(IU, FU) and(IU
′
, FU ′

) are
in U∗.

Claim 1. IU
∗ = {µ ⊗ f ∈ L̂ : µ ⊗ f �̂δs ⊗ x̄}.

Proof of Claim 1. Suppose there is anν ⊗ g ∈ {µ ⊗ f ∈ L̂ : µ ⊗ f �̂δs ⊗ x̄} that is
not in IU

∗
. The fact that for eachs ∈ S, gs is a simple roulette lottery onXs together with

inter-state monotonicity, ordinal act independence and intra-state monotonicity imply that
there exists(t′, z′) ∈ C such thatδt

′ ⊗ (x̄−t′ , z′)�̂ν⊗ g. Hence, the setU∗ can be extended
by adding the intervalI((s, x̄s), (t′, z′)). That isU∗ is not maximal, a contradiction. This
completes the proof of the Claim 1. �

By analogous reasoning we can define a functionFL∗
: L̂ → [0,1/4) that representŝ�

on the set{µ ⊗ f ∈ L̂ : δs ⊗ x
¯
�̂µ ⊗ f }. So the function
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V(µ ⊗ f) =




FL∗
(µ ⊗ f), if δs ⊗ x

¯
�̂µ ⊗ f

1
4, if µ ⊗ f ∼̂δs ⊗ x

¯
F(µ ⊗ f), if µ ⊗ f ∈ I(δs ⊗ x

¯
, δs ⊗ x̄)

1
4, if µ ⊗ f ∼̂δs ⊗ x̄

FU∗
(µ ⊗ f), if µ ⊗ f �̂δs ⊗ x̄

representŝ�.
Existence and uniqueness of π. Let π = µ∗. Lemma 3 implies thatV , restricted to

interim-state lotteries of the formπ ⊗ f , f ∈ H , represents�. This shows thatπ exists.
To prove the uniqueness ofπ suppose, by way of negation, that there existπ, π′ ∈ M for

which (iib) holds andπ′ �= π. Then, by (iib), for all f, g ∈ H ,

f � g ⇔ V(π ⊗ f) ≥ V(π ⊗ g) ⇔ V(π′ ⊗ f) ≥ V(π′ ⊗ g).

In particular, this impliesπ′
t = πt = 0, for all null statest ∈ S. SetT := {t ∈ S : π′

t > πt}.
T is non-empty and hence contains at least one non-null state.

State-preference overlap implies that there exists a states∗ ∈ S such that, for allt ∈ S,

δt ⊗ x̄�̂δs
∗ ⊗ x̄�̂δt ⊗ x

¯
.

Similarly, state-preference overlap also implies that there exists a states∗ ∈ S, such that for
all t ∈ S

δt ⊗ x̄�̂δs∗ ⊗ x
¯
�̂δt ⊗ x

¯
.

Mixture monotonicity and mixture solvability imply there exist two actsg, h ∈ H uniquely
defined as follows: for eacht ∈ S

gt = αt(δ
t ⊗ x̄) + (1 − αt)(δ

t ⊗ x
¯
)∼̂δs

∗ ⊗ x̄

ht = βt(δ
t ⊗ x̄) + (1 − βt)(δ

t ⊗ x
¯
)∼̂δs∗ ⊗ x

¯

Notice that, by construction, for eachs ∈ S, gs >1
s hs. Thus we have

g �
[
gs on s ∈ T

ht on t /∈ T

]
� h.

and (by mixture solvability) a uniqueβ for which

βg + (1 − β)h ∼
[
gs on s ∈ T

ht on t /∈ T

]
.

Furthermore, since (iib) holds forπ, we have

π ⊗ (βg + (1 − β)h)∼̂π ⊗
[
gs on s ∈ T

ht on t /∈ T

]
.
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Next observe that, for every ordered pair of states(s, t) ∈ S × S, (s, gs) >1
C (t, ht) and

(s, βgs + (1−β)hs) ≥1
C (t, βgt + (1−β)ht). Hence, by inter-state monotonicity, ifπ′

s > πs
for all s ∈ T , andπ′

t ≤ πt for all t /∈ T , then

π′ ⊗
[
gs on s ∈ T

ht on t /∈ T

]
�̂π ⊗

[
gs on s ∈ T

ht on t /∈ T

]
∼̂π ⊗ (βg + (1 − β)h)∼̂π′ ⊗ (βg + (1 − β)h).

But this contradicts(iib) holding forπ′.
The proof of (ii)⇒ (i) is relatively straightforward and thus omitted.

Proof of Theorem 2. Suppose that the preference relation�̂ satisfies weak-order, Archime-
dean, and independence then, by the von Neumann–Morgenstern theorem, the utility rep-
resentation of̂� is affine and thus there exists a utility functionu : C → R such that

ν ⊗ f ∼̂µ ⊗ g ⇔
∑
s∈S

∑
x∈Xs

u(s, x)νsfs(x) =
∑
s∈S

∑
x∈Xs

u(s, x)µsgs(x).

Moreover, it is easy to verify that the independence axiom implies intra-state monotonicity
for acts A.3, inter-state monotonicity A.5 and, together with concordance, it also implies
ordinal act independence A.4.

Letf andg be two acts that agree outside a states (i.e.ft = gt for all t ∈ S−{s}.) Then,
by Lemma 5and independence (which implies mixture monotonicity) if, for someµ ∈ M

such thatµs > 0, and non-nulls ∈ S,

µ ⊗ f �̂µ ⊗ g ⇔ f � g

then, by the expected utility representation, for allν ∈ M such thatνs > 0,∑
x∈Xs

u(s, x)νsfs(x)≥
∑
x∈Xs

u(s, x)νsgs(x) ⇒
∑
x∈Xs

u(s, x)fs(x) ≥
∑
x∈Xs

u(s, x)gs(x).

For non-null states the reverse implication also holds. Sinceν⊗ f andν⊗ g agree outside
s this implies that,

ν ⊗ f �̂ν ⊗ g ⇒ f � g

and for non-nulls ∈ S

ν ⊗ f �̂ν ⊗ g ⇔ f � g.

But the last two conditions are equivalent to the axiom of strong consistency introduced
by Karni and Schmeidler (1980). Consequently, assuming independence, our main result
impliesTheorem 2as a special case. �

Proof of Theorem 3. (i) ⇒ (ii) The hypothesis of the theorem implies A.0. Observe that
Lemma 1implies that intra-state monotonicity and ordinal act independence imply MS
axiom 5 which they refer to as First-Order Stochastic Dominance Preference.
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The next lemma shows that A.9 implies both intra-state monotonicity and inter-state
monotonicity hold for�̂.

Lemma 6. Suppose that � and �̂ jointly satisfy A.4 and A.9.Then, �̂ satisfies A.3 and
A.5.

Proof.

(i) �̂ satisfies A.3. Fixs ∈ S, x, y ∈ X, p ∈ L, f ∈ H , µ ∈ M andα ∈ (0,1]. If
µ⊗ (f−s, x) �̂(�̂)µ⊗ (f−s, y) then A.4impliesx � (�)y and so it follows from the
definition of≥1

X (>1
X) that(µ⊗ (f−s, x))m ≥1

X (>1
X)(µ⊗ (f−s, y))m. Hence, by A.9,

µ ⊗ (f−s, αδx + (1 − α)p)�̂(�̂)µ ⊗ (f−s, αδy + (1 − α)p), as required.
(ii) �̂ satisfies A.5. Fixs, t ∈ S, p, q ∈ L, f ∈ H , µ, ν ∈ M. If (s, p) ≥1

C (>1
C)(t, q),

νs > µs andνr = µr for all r ∈ S − {s, t}, then it follows from the definition of
≥1
X (>1

X) that (ν ⊗ ((f−s, p)−t , q))m ≥1
X (>1

X)(µ ⊗ ((f−s, p)−t , q))m. Hence, by
A.9, ν ⊗ ((f−s, p)−t , q)�̂(�̂)µ ⊗ ((f−s, p)−t , q) as required. �

To show that MS axiom 6 holds fix a partition{E1, . . . , En} of S and suppose that for
someα ∈ [0,1] and a pair of events,Ei,Ej the following condition holds:17

h ≡



δM on Ei

δ0 on Ej

δ0 on Ek, k �= i, j


 ∼



αδM + (1 − α)δ0 on Ei

αδM + (1 − α)δ0 on Ej

δ0 on Ek, k �= i, j


 ≡ h′.

(B.6)

By Theorem 1 (B.6)is equivalent to the following condition:

π ⊗ h ≡ π ⊗



δM on Ei

δ0 on Ej

δ0 on Ek, k �= i, j




∼̂π ⊗



αδM + (1 − α)δ0 on Ei

αδM + (1 − α)δ0 on Ej

δ0 on Ek, k �= i, j


 ≡ π ⊗ h′.

But,

(π ⊗ h)m = [M,π(Ei); 0, (1 − π(Ei))]

and

(π ⊗ h′)m = [M,α(π(Ei) + π(Ej)); 0, (1 − α(π(Ei) + π(Ej))].

17 This is, in our notations, the condition in the hypothesis ofMachina and Schmeidler (1995), axiom 6.



S. Grant, E. Karni / Journal of Mathematical Economics 40 (2004) 515–546 545

Hence,π ⊗ h∼̂ π ⊗ h′ and A.9 imply that

α = π(Ei)

π(Ei) + π(Ej)
.

That is,(π ⊗ h)m = (π ⊗ h′)m.
Next consider the interim-state lotteries

π ⊗ f ≡ π ⊗



p on Ei

q on Ej

rk on Ek, k �= i, j




and

π ⊗ g ≡ π ⊗



αp + (1 − α)q on Ei

αp + (1 − α)q on Ej

rk on Ek, k �= i, j


 .

Observe that for allx ∈ X

(π ⊗ f)m(x) = π(Ei)p(x) + π(Ej)q(x) +
∑
k �=i,j

π(Ek)rk(x)

and

(π ⊗ g)m(x) = (π(Ei) + π(Ej))(αp(x) + (1 − α)q(x)) +
∑
k �=i,j

π(Ek)rk(x).

Sinceα = π(Ei)/(π(Ei) + π(Ej)), the last two equations imply(π ⊗ f)m = (π ⊗ g)m.
Hence, by A.9,

π ⊗

 p on Ei

q on Ej

rk on Ek, k �= i, j


 ∼̂π ⊗



αp + (1 − α)q on Ei

αp + (1 − α)q on Ej

rk on Ek, k �= i, j


 .

But, byTheorem 1and concordance, the last statement is equivalent to

p on Ei

q on Ej

rk on Ek, k �= i, j


 ∼



αp + (1 − α)q on Ei

αp + (1 − α)q on Ej

rk on Ek, k �= i, j


 . (B.7)

We showed that(B.6)implies(B.7)which is the Horse/Roulette Replacement Axiom, axiom
6, of MS.

Lemma 6and (i) imply that� and�̂ satisfy A.1–A.6. We have just proved that with
A.9 these imply the axioms 5 and 6 ofMachina and Schmeidler (1995). Observe that A.1
implies their axiom 1 (i.e.� is a weak order) andLemma 4implies their axiom 2 (i.e.
mixture continuity.) Thus, by the theorem ofMachina and Schmeidler (1995)there exists
a unique probability measureπ on S and a mixture continuous, strictly monotonic (with
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respect to first-order stochastic dominance) functionV : L → R such that for any two acts,
f, g ∈ H , f � g ⇔ V(

∑
s∈S πsfs) ≥ V(

∑
s∈S πsgs).

The proof of (ii)⇒ (i) is straightforward and therefore omitted.
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