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Abstract

Gul and Pesendorfer (2015) propose a new theory of decision under uncer-

tainty, they dub Hurwicz expected utility (HEU). HEU is a special case of α-maxmin

EU that allows for prefences over sources of uncertainty. HEU is the first axiomatic

theory that is consistent with most of the available empirical evidence on decision

under uncertainty. We show that, instead of using abstract concepts, HEU is also

tractable and can readily be measured and tested. We do this by deriving a new

two-parameter functional form for the probability weighting function, which fits

the empirical data well. We investigate two predictions of HEU. The first predic-

tion is that ambiguity aversion is constant across different sources of ambiguity.

Utilizing the data of Abdellaoui et al. (2011), we observe support for it in their

most extensive data set, but not in the other data set. The second prediction is that

ambiguity aversion and first-order risk aversion are positively correlated. We per-

form an experiment that quantifies both ambiguity aversion and first-order risk

aversion and found a slight to fair correlation, which we interpret as tentative

support for HEU.
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1 Introduction

The modal behavior in the type of choice problems first proposed by Ellsberg (1961)

shows that many people seem to dislike ambiguity and that their choices are inconsis-

tent with beliefs that can be represented by a (unique) subjective probability measure.1

While Ellsberg’s paradox suggests that people are ambiguity averse, subsequent re-

search has shown that ambiguity attitudes are richer than simply aversion. For gains

on unlikely events and in the domain of losses, people are generally ambiguity seeking

(Kocher et al., 2018). Moreover, many experiments have shown that people have pref-

erences over the sources of uncertainty that go beyond a preference for risk (objective

probabilistic information) over uncertainty (vaguely specified probabilities). People

prefer, for example to bet on more familiar sources (French and Poterba, 1991, Ab-

dellaoui et al., 2011) and on sources about which they consider themselves competent

(Heath and Tversky, 1991). A rich variety of models has been developed to account for

Ellsberg-type behavior (see Gilboa and Marinacci (2016) for a review). These models

tend to concentrate on ambiguity aversion and, with a few exceptions, do not allow

for ambiguity seeking, let alone source preference. Moreover, most of these models

are defined in the Anscombe-Aumann framework and cannot account for the many

observed violations of expected utility for decision under risk.

The evidence about which of these ambiguity models best describes people’s pref-

erences is surprisingly thin on the ground. The main reason for this is that most am-

biguity models use concepts that are hard to measure. The studies that compared (a

subset of) the ambiguity models concluded that models that allow for both ambigu-

ity seeking and ambiguity aversion such as α-maxmin expected utility (Hurwicz, 1951;

Luce and Raiffa, 2012 s13.5), Choquet expected utility (Schmeidler, 1989), and prospect

theory (Tversky and Kahneman, 1992), perform better than models that account only

for ambiguity aversion (Baillon and Bleichrodt, 2015). Moreover, source-dependent

models perform better than models that do not account for source preference (Chew

et al., 2017).

Gul and Pesendorfer (2015) provide behavioral foundations for a model, they dub

1See Trautmann and Van De Kuilen (2015) for a review.
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Hurwicz expected utility (HEU), that can account for many of the observed empir-

ical deviations from subjective expected utility. HEU is a special case of α-maxmin

(Ghirardato et al. 2004) that allows for source preference. It can address Ellsberg-

style evidence as well as the joint occurrence of ambiguity aversion and ambiguity

seeking. For a particular source of ambiguity, which (formally) corresponds to a prob-

ability measure defined on a specific σ-algebra of events, HEU is a special case of

rank-dependent utility (Quiggin, 1982). Consequently, it can also accommodate the

main deviations from expected utility that have been observed for decision under risk.

Moreover, while in many applications of rank-dependent utility an ad hoc specifica-

tion is used for the probability weighting function, Gul and Pesendorfer prove that

the probability weighting function in HEU for a given source must be expressable as

a convex combination of a power series and its dual. Finally, since these power se-

ries may vary across sources, HEU also allows for source preference. In other words,

HEU is the first axiomatic theory that is consistent with most of the available empirical

evidence on decision under risk and uncertainty.

In this paper, we show that HEU can be made tractable. The main problem in

testing is that the probability weighting function in HEU has an infinite number of pa-

rameters. We restrict the power series, while still satisfying all requirements of HEU,

so that the probability weighting function is characterized by two parameters, one re-

flecting the perception of ambiguity and the other the degree of ambiguity aversion.

HEU can thus readily be estimated and tested. Hence, an interesting byproduct of our

paper is to propose a new functional form of the weighting function. Our functional

form is axiomatically derived (to the extent that it follows from axioms of HEU), like

the widely- used functional form proposed by Prelec (1998), but unlike most other

forms used in the literature. Our functional form fits the empirical data about as well

as Prelec’s and has the additional advantage that the parameters have a clear interpre-

tation. In Prelec’s functional form, they interact.

We perform two tests of HEU. First, we use the data from Abdellaoui et al. (2011) to

show how HEU can be measured and to test its prediction that the parameter reflecting

ambiguity aversion is constant across different sources. We observe support for this

prediction in Abdellaoui et al. (2011)’s second, more extensive, dataset, but not in their
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first dataset. The second test explores HEU’s prediction that ambiguity aversion and

first-order risk aversion are positively correlated. First order risk aversion is a central

concept in insurance theory and determines the degree to which people are willing to

accept actuarially unfair insurance. It can also be used to test decision theory. To the

best of our knowledge, we are the first to quantify first order risk aversion.

We tested HEU’s prediction in an experiment and, indeed, observed positive cor-

relations between ambiguity aversion and first order risk aversion. Although these

correlations were only slight to fair, this might reasonably be expected given the het-

erogeneity in perceived ambiguity and in utilities across subjects also, and we interpret

the data from the second experiment as tentatively supporting HEU.

2 Background

Let X be a set of consequences and Ω an (infinite) state space, with generic elements x

and ω, respectively. We refer to subsets of E ⊂ Ω as events. An act f is a function from

Ω to X.

A prior is a countably additive, complete, and non-atomic probability measure on

some σ-algebra of events. Let Π denote the set of all priors and, for a given π ∈ Π, let

επ denote the σ-algebra on which π is defined.

A prior π′ constitutes an extension of another prior π, if επ′ ⊃ επ and π′(E) = π(E)

for all E ∈ επ. Let Ππ be the set of priors that are extensions of π. In other words, the

set Ππ consists of those priors that agree with π on its domain.

We consider a decision maker who has a preference relation % over F , the set of

acts. In the theory of Hurwicz Expected Utility (HEU) the decision-maker’s preferences

can be characterized by a prior µ ∈ Π, an ambiguity index α ∈ [0, 1] and a (Bernoulli)

utility function v : X → R, such that % admits a representation of the form:

W( f ) = α min
π∈Πµ

∫
v ◦ f dπ + (1− α) max

π∈Πµ

∫
v ◦ f dπ (1)

Both µ and α are unique and v is unique up to unit and scale.

Gul and Pesendorfer refer to the elements of Eµ as ideal events. These are the events

that the decision maker perceives as being least uncertain. They are the ones for which
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both the event and its complement satisfy Savage’s (1954) postulate P2 (the sure-thing

principle). Equation 1 shows that if an act f is εµ-measurable, which Gul and Pesendor-

fer refer to the act itself being ideal, then HEU reduces to subjective expected utility and

the ranking between any pair of such acts does not depend on α. Thus the utility func-

tion v can be seen to embody the decision maker’s risk attitudes with respect to ideal

acts.

For any act f that is not ideal the decision maker applies a Hurwicz criterion to the

set of extensions of µ. In other words, the decision maker acts as if he is completely

ignorant about probabilities beyond those implied by µ. The parameter α reflects the

decision-maker’s attitude towards ambiguity with higher values of α indicating more

aversion to ambiguity (Gul and Pesendorfer 2015, Proposition 3). If α = 1 then the

decision maker is always ambiguity averse. If 0 < α < 1 then the decision maker

exhibits both ambiguity seeking and ambiguity averse behavior. If α = 0 then the de-

cision maker is always ambiguity seeking. Hence, HEU is a special case of α-maxmin

for the given set of priors Πµ.

However, the events in Eµ are not necessarily the only ones for which probabilities

are given. In HEU, sources are subjective and the associated data generating process

may not be perceived by the decision maker to yield the least uncertain source. That

is, different data generating processes may be viewed as different sources, consistent

with the evidence in Armantier and Treich (2013), that risk cannot be treated as a single

source of uncertainty.

To see how different sources may be identified, consider a bet xAy that is a binary

act yielding the outcome x if the event A obtains and y (where x % y) otherwise. In

general, the ranking of bets depends on the decision maker’s prior µ and on their

ambiguity aversion parameter α. For example, in the Ellsberg two-color example, an

ambiguity averse decision maker prefers drawing a red ball from the known urn to

drawing a red ball from the unknown urn whereas an ambiguity seeking decision

maker has the reverse preference. However, two events are said to come from the same

source if such preference reversals cannot occur: that is, ranking of bets depends only

on the decision maker’s prior and is unaffected by their ambiguity aversion index.

Formally, a prior π ∈ Π (and its associated σ-algebra, επ) is a source if for every (α, ν),
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A, B ∈ επ, xAy % xBy if and only if π(A) ≥ π(B).2 So in Ellsberg’s 2-color problem

drawing a ball from the known urn and drawing a ball from the unknown urn are

different sources, while we expect the DM to be indifferent between betting on red

and betting on black when a ball is drown from the unknown urn.

The definition of a source π implies that for all A, B ∈ επ, xAy ∼ xBy if and only if

π(A) = π(B). If this condition holds then we say that the decision maker considers A

and B as equally likely. Gul and Pesendorfer (2015) define sources in terms of bets for

convenience, but the definition can be extended to any simple act. If we let (E1, . . . , En)

denote a finite partition of the state space with all Ei ∈ επ then for two events Ei and

Ej to be equally likely it must be true that exchanging the outcomes under events Ei

and Ej leaves us within the same indifference class. Or, more formally, if we let xEi yEj f

denote the modification of the act f ∈ F in which the outcome for any state in the

event Ei is replaced by x and the outcome for any state in the event Ej by y, then Ei

and Ej are viewed as equally likely if xEi yEj f ∼ yEi xEj f for all pairs of outcomes x and

y. This corresponds to the definition of exchangeability proposed by Chew and Sagi

(2008) and tested by Abdellaoui et al. (2011).

Proposition 2 of Gul and Pesendorfer (2015) shows that every source is character-

ized by a power series. That is, for each source π there exists a sequence (a1, a2, . . . , an, . . .

with an ∈ [0, 1], ∑∞
n=1 an = 1, such that for all A ∈ επ,

γ(π(A)) =
∞

∑
n=1

an(π(A))n. (2)

Their Proposition 4 shows that one source π is more uncertain than another source

π0, if γ, the power series associated with π, is dominated by γ0, the power series

associated with π0. That is, γπ(p) ≤ γπ0(p)) for all p.

The definition of a source implies that the decision maker behaves probabilistically

sophisticated (Machina and Schmeidler 1992) for it and uses the prior to reduce acts

to “objectively” risky lotteries. So fixing a given source π, for any act f in which

f−1(x) ∈ επ for all outcomes x, f is evaluated as the lottery P(x) = π( f−1(x)). Under

HEU (Gul and Pesendorfer 2015, Proposition 6) these lotteries are evaluated by rank-

2In addition, Gul and Pesendorfer (2015) impose that if An ∈ επ and xAn y converges pointwise to

xAy then xAy is the limit of the sequence of the utilities of the bets xAn y.
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dependent utility:

V(P) = ∑
z∈R

(w( ∑
x:v(x)≥z

P(x))− w( ∑
v(x)>z

P(x))) · v(z), (3)

where v is the (Bernoulli) utility index from Eq. 1 and w is the probability weighting

function given by:

w(p) = αγ(p) + (1− α)γ̂(p), (4)

with α the decision maker’s ambiguity aversion parameter from Eq. 1, γ the power

series associated with the source π, and γ̂ the dual of γ: γ̂(p) = 1− γ(1− p). Notice

that the right hand side of Eq. 3 reduces to standard expected utility when γ(p) = p,

that is, when w(p) is the identity function.

Taken together, Eqs. 3 and 4 show that utility is the same for all sources as is the

decision-maker’s aversion to ambiguity (as measured by the parameter α). However,

the probability weighting function is source-dependent, since it depends on the deci-

sion maker’s perception of ambiguity, γ, which can vary across sources.

As the power series γ is convex, its dual γ̂ is concave and, hence, each probability

weighting function is a weighted average of a convex and a concave function. There-

fore, the probability weighting function of Eq. 4 can allow the inverse S-shape that

is usually observed (Gonzalez and Wu 1999, Abdellaoui 2000, Bleichrodt and Pinto

2000 and Fox and Poldrack 2014). A special property of the HEU weighting function

is that the point when it switches from overweighting probabilities to underweighting

probabilities is the same for all sources and equal to 1− α.

Segal and Spivak (1990) showed that the extent to which decision makers weight

probabilities is related to their degree of first order risk aversion, their tendency to buy

full insurance at actuarially unfair prices. More convex probability weighting (which

follows from a higher value of α in HEU) leads to a more pronounced kink (towards

the origin) in decision makers’ indifference curves and, consequently, to more first or-

der risk aversion. In particular, for any pair of HEU decision makers with the same

ambiguity perception for a given source and the same utility function as more amib-

guity aversion is reflected in α, we expect the more ambiguity averse decision maker

will exhibit more first-order risk aversion. As more ambiguity aversion is reflected in
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α, we expect a positive correlation between α and first order risk aversion under HEU,

ceteris paribus.

We perform two tests of HEU. As mentioned, in HEU the ambiguity aversion pa-

rameter α is source-independent. This is our first test. We use the data from Abdellaoui

et al. (2011), henceforth abbreviated to ABPW, to estimate HEU for different sources of

uncertainty and then we test whether the parameter α is constant across these sources.

The second prediction of HEU that we examine is the positive correlation between am-

biguity aversion and first-order risk aversion. To test this, we design a new experiment

that quantifies individuals’ ambiguity aversion and their first-order risk aversion. In-

dividuals’ dislike of ambiguity is determined jointly by their aversion to ambiguity,

measured by α and, by their perception of ambiguity, measured by β. According to

HEU there should be a positive correlation between their expressed dislike of ambigu-

ity and the degree to which they exhibit first order risk aversion. As we cannot control

for ambiguity perception and utilities, however, we cannot expect such a correlation

to be perfect.

A crucial issue in measuring HEU is the shape of the power series in Eq. 2. Since

Eq. 2 can have an infinite number of non-degenerate terms, but experimental data are

finite, we have to restrict the number of terms. We selected the following parametric

function to describe the power series:

γβ(p) =
(1− β)p

1 + β− 2βp
. (5)

We prove in the appendix that Eq. 5 is indeed a suitable power series, that is, all

the coefficients of its Taylor series expansion are positive and sum to 1. The function

γβ is decreasing in β, so larger values of β imply that a source is perceived as more

ambiguous. Eqs 4 and 5 jointly determine the following two-parameter probability

weighting function:

w(p) =
α(1− β)p

(1 + β)(1− p) + (1− β)p
+

(1− α)(1 + β)p
(1− β)(1− p) + (1 + β)p

, (6)

with the parameter α reflecting ambiguity aversion and the parameter β ambiguity

perception. Hence, this two-parameter weighting function lends itself to an intuitive

interpretation. This is an advantage over other weighting functions used in the litera-
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ture, for example, Prelec’s two parameter weighting funcions, which is also axiomati-

cally founded. In Prelec’s weighting funtion, the interpretation of the two parameters

is less clear and there is interaction between them. In what follows, we will refer to

Eq. 6 as the HEU weighting function.

3 First test: Is ambiguity aversion source-independent?

ABPW performed two experiments, which we briefly describe below. More detailed

information is in ABPW.

3.1 ABPW’s first experiment

Subjects were 67 students from a French engineering school. The subjects faced two

Ellsberg urns, a known urn and an unknown urn. The known urn contained 8 balls

of different colors. The unknown urn also contained 8 balls. Each ball could have one

of the 8 colors that were in the known urn, but the overall composition of colors was

unknown. That is, some colors from the known urn might occur more than once and

other colors not at all.

Subjects performed 26 choice tasks. Each choice task consisted of filling out three

increasingly fine-grained choice lists. One of their choices was played out for real and

subjects could win up to AC25.

The experiment included 11 tests of exchangeability, which could not be rejected at

the aggregate level. However, at the individual level one subject violated exchange-

ability and this subject was excluded from the analyses. To measure utility, the method

of Abdellaoui et al. (2008) was used. ABPW measured utility for both risk and for un-

certainty and could not reject equality, which is consistent with HEU. When we ana-

lyzed their data under HEU, we could neither reject equality of utility under risk and

uncertainty.

For both risk and uncertainty, ABPW measured the decision weights of events with

probabilities 1
8 , 1

4 , 3
8 , 5

8 , 3
4 and 7

8 by eliciting the certainty equivalents of bets. In HEU, we

elicited the decision weights under Eq. 6. To asses the fit of the HEU weighting func-
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tion, we compared it to the Prelec (1998) two-parameter function, which is frequently

used in the experimental literature (also by ABPW) and which typically gives a good

fit (Fox and Poldrack, 2014). All estimations were done by nonlinear least squares.

We primarily used Bayesian statistics to analyze the data. Our main interest is

in testing equalities for which classical statistical testing is less suitable as it tends to

discriminate against the null hypothesis (Rouder et al. 2009). We used the convention

in Bayesian statistics to interpret a Bayes factor (BF) less than 3 as indicating that the

data is inconclusive, a BF larger than 3 as showing some support for a hypothesis, a

BF larger than 10 as showing strong support for a hypothesis and a BF larger than 30

as showing very strong support for a hypothesis. To test for robustness, we also tested

all hypotheses by classical methods, which, generally led to the same conclusions.3

Figure 1: Weighting functions first experiment ABPW. Mean data.

Figure 1 shows the estimated probability weighting functions using the median

data for both risk and uncertainty and their estimated confidence intervals. For com-

parison, we have also displayed as dashed line, the estimated two-parameter Prelec

weighting functions. The figure shows that the HEU weighting function gives a good

fit to the data. At the aggregate level, it can not be distinguished from the Prelec

weighting function and we found no difference in the estimated confidence intervals

for the two functions. The weighting functions of each of the 66 subjects appear in

3In those cases where the classical test did not agree with the Bayesian test, we also report the results

of the classical test.
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Figure 2: Cumulative distribution functions of α for risk and uncertainty

Appendix B. At the individual level, the HEU weighting function generally provided

a good fit although a Bayesian Anova revealed support for the hypothesis that the

sum of squared residuals was higher for the HEU weighting function than for the Pr-

elec two-parameter weighting function (BF = 19.3). However, the difference in fit was

small and was primarily caused by those subjects whose estimated decision weights

violated monotonicity. We conjecture that these violations of monotonicity probably

reflected errors, which the Prelec function can better handle.

Figure 1 shows that α was higher for uncertainty than for risk at the aggregate level,

which contradicts the prediction of HEU. A clearer picture is obtained when we look

at the individual data. Figure 2 shows the cumulative distributions of the estimated

individual values of α for risk and uncertainty. Again we see that α is higher for un-

certainty than for risk. Statistical testing confirmed this. A Bayesian t-test provided

some support for the hypothesis that α differed between risk and uncertainty over

the null hypothesis that α was the same for risk and uncertainty (BF=8.3)4. Therefore,

we conclude that the first test of HEU that we performed yielded evidence that was

4Mixed effects estimation rejected the null that α was the same for risk and uncertainty (χ2 = 8.69,

p < 0.01).
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Figure 3: Cumulative distribution functions of β for risk and uncertainty

inconsistent with the theory.

Figure 3 shows the cumulative distributions of β, the parameter for measuring

ambiguity perception, for risk and uncertainty. Notice that HEU makes no predictions

about β and allows it to be higher for risk than for uncertainty, e.g. when a decision

maker feels particularly competent. However, as competence plays no role for Ellsberg

urns, we would expect that β is higher for the unknown than for known urn. Figure 3

suggests that this is indeed the case (as do the estimates in Figure 1). A Bayesian t-test

gave some support for the hypothesis that β was larger for uncertainty than for risk

(BF=3.8).5

3.2 ABPW’s second experiment

Subjects were 62 students from a French engineering school who faced acts concerning

four sources of uncertainty: risk, the change in the French stock index (CAC40) on 31

May 2006, the temperature in Paris on 31 May 2006, and the temperature in a randomly

drawn remote country on 31 May 2006. The date 31 May 2006 occurred about three

months after the experiment was performed.

5Mixed effects estimation rejected the null that β was the same for risk and uncertainty (χ2 = 5.89,

p = 0.02).
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Subjects were divided equally into two groups: the hypothetical treatment group

and the real treatment group. All subjects received a AC20 participation fee, but in the

real treatment group one subject was randomly selected to play one of his randomly

selected choices for real. Four subjects were removed (see page 9 of the web appendix

of ABPW for details) leaving 29 subjects in the hypothetical treatment and 29 in the

real treatment.

ABPW eliciated for each source events with subjective probability is 1
8 , 1

4 , and 1
2

using a bisection method. By taking the union of these events, they could construct

new events with probabilities 3
4 and 1

8 . Compared with the historical data, subjects

were optimistic about the CAC40 (in the sense of considering increases of the index

more likely than they had been in the past), but had well-calibrated beliefs for Paris

temperature. ABPW did not report how well beliefs about foreign temperature were

calibrated as the selected countries differed across subjects.

ABPW performed several tests of exchangeability and they found support for it in

all but one test. The one exception involved foreign temperature in the hypothetical

treatment group. Exchangeability held in the other tests for foreign temperature and

hypothetical choice, but because exchangeability is a crucial assumption in our test of

HEU we excluded this case from the analysis.

Because they found that utility was the same for risk and uncertainty, ABPW only

measured utility for risk in their second experiment in their first experiment. For each

source, the decision weight of events with subjective probabilities 1
8 , 1

4 , 1
2 , 3

4 , and 7
8

were measured.

Figures 4 and 5 show the median elicited decision weights and the estimated HEU

and Prelec two-parameter weighting functions in the real and the hypothetical treat-

ment groups, respectively. The individual data plots are in the Appendix B. A Bayesian

ANOVA with repeated measures supported the null that there were no differences be-

tween real and hypothetical incentives over the alternative that there was a difference

between real and hypothetical choice. Hence, we will pool the real and the hypotheti-

cal data in what follows. Analyzing the data for the real and the hypothetical groups

separately did not affect our main conclusions.

Figures 4 and 5 confirm that the HEU weighting functions fitted the data well.
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Figure 4: Weighting functions for the four sources of uncertainty in ABPW’s second

experiment. Real incentives. Mean data.
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Figure 5: Weighting functions for the four sources of uncertainty in ABPW’s second

experiment. Hypothetical. Mean data.
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Figure 6: Cumulative distribution functions for α for the four sources of uncertainty in

ABPW’s second experiment.

They are almost indistinguishable from the Prelec weighting functions at the aggregate

level. The fit at the individual level was also generally good, but not as good as the

Prelec weighting function (Bayesian ANOVA with repeated measures, BF=81.0 ). This

was primarily caused by subjects whose decision weights were non-monotonic, which

again we suggest probably reflects errors.

Figure 6 shows the cumulative distributions functions of α for the four sources of

uncertainty in ABPW’s second experiment. The figure suggests some differences in

α across sources. However a Bayesian ANOVA with repeated measures supported

HEU’s prediction of no differences in α (BF=9.6) over the alternative hypothesis that

the α’s differed across the four sources. Hence, the data from ABPW’s second experi-

ment provided support for HEU.

Figure 7 shows the cumulative distributions of β across the sources of uncertainty.

As the sources concerned natural events, for which competence might play a role,we

had no prior expectation regarding the value of β. Figure 7 shows that ambiguity per-

ception was lower for risk than for Paris temperature and the CAC40, but not for

foreign temperature. This might be explained by the fact that the selected countries

varied across subjects and, for some countries, subjects might have felt that temper-

atures were well predictable. In the hypothetical choices, the pattern was unclear.
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Figure 7: Cumulative distribution functions of β for the four sources of uncertainty in

ABPW’s second experiment.

Indeed, in the estimation of β we observed that real incentives did matter (BF=12.0).

A Bayesian ANOVA showed some support for the null hypothesis that the values

of β were the same across sources (BF=3.4). However, for real incentives separately

Bayesian ANOVA gave neither support for the null of equal values of β nor for the al-

ternative of unequal values of β (BF=1.04). A mixed effect estimation actually led to a

rejection of the null hypothesis (χ2 = 8.32, p = 0.04). The evidence whether β differed

across the sources appears inconclusive, but, again, this has no implications for HEU,

which makes no prediction about the value of β.

4 Second test: Are ambiguity aversion and first-order risk

aversion correlated?

Our second test investigated HEU’s prediction that there is a positive correlation be-

tween ambiguity aversion and first order risk aversion.
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4.1 Design

Subjects were 94 students from Erasmus University. They received a AC5 participation

fee. In addition, one of their randomly selected choices was played out for real. Sub-

jects earned AC13.69 on average. The experiment was performed at the the lab of the

Erasmus School of Economics in 5 group sessions with a minimum group size of 18

and a maximum group size of 20. Upon arrival in the lab, subjects were handed their

subject ID and were directed to the cubicles in which they performed the experiment.

Subjects were not allowed to communicate with each other during the experiment.

The experiment consisted of two parts. The first part measured subjects’ ambigu-

ity aversion, the second part their first-order risk aversion. Both parts started with

instructions, four comprehension questions, which subjects had to answer correctly

before they could move on, and a practice question. The instructions explained sub-

jects that there were no right or wrong answers and that we were only interested in

their preferences. The exact instructions are in the Appendix B.

In the measurement of ambiguity aversion, subjects faced two Ellsberg urns, a

known urn consisting of red and black chips in known proportions, and an unknown

urn, which contained 100 black and red chips in unknown proportions. Before the

experiment started, subjects could choose their winning color (red or black) to allay

suspicion. We informed subjects that the composition of the unknown urn had been

determined by a faculty member of Erasmus University without knowledge of the

experiment or its purpose.

We elicited the number of winning chips m in the known urn that made subjects

indifferent between drawing a ball from the known urn and drawing a ball from the

unknown urn. We refer to m as the subject’s matching probability. The lower is m, the

more ambiguity averse the subject is. As m = 50 corresponds to ambiguity neutrality,

we used 50− m as the measure of subjects’ ambiguity aversion with positive values

reflecting ambiguity aversion and negative values reflecting ambiguity seeking. We

used a bisection process to elicit m. The first question asked subjects to choose between

the known and the unknown urn when there were 50 winning chips in the known

urn. Depending on subjects’ choices this number was then reduced (if they chose
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Figure 8: A screenshot of the interface for matching probability .

the known urn) or increased (if they chose the unknown urn). Details of the bisection

procedure are in Appendix B. Figure 8 gives an example of a choice that subjects faced.

We randomized across choices whether the known or the unknown urn was displayed

on the left side of the screen. After each choice, a “Confirm” button appeared and

subjects had to click on it to confirm their choice and move on to the next choice. This

confirmation aimed to reduce response errors.

To test for consistency, the ambiguity part ended with another choice between the

known and the unknown urn where the number of winning chips in the known urn

was either m + 3 (in which case the subject should opt for the known urn) or m− 3 (in

which case the subject should opt for the unknown urn). Which consistency question

a subject faced was determined randomly.

The second part of the experiment measured first-order risk aversion. Our design

was based on Loomes and Segal (1994). A difference between our study and Loomes

and Segal (1994) was that we quantified first order risk aversion, which we needed

to compute the correlation between ambiguity aversion and first order risk aversion,

whereas, they only provided qualitative evidence for it. Subjects faced an urn with

19



Figure 9: A screenshot of the interface for first order risk aversion .

yellow, purple, and light blue chips in known proportions p+ ε, p− ε, and 1− 2p with

p ∈ [0, 0.5] and ε ∈ [0, p]. They had to allocate AC17.30 between the events “draw a

yellow chip” and “draw a purple chip”. The amount AC17.30 was similar to Loomes

and Segal (1994) and was chosen to counteract subjects’ tendency to respond in round

numbers.

There were three allocation problems. In each problem, we elicited the maximal

value of ε (εmax), for which subjects chose an equal division between yellow and purple

(AC8.65 on both). The value of εmax was taken as a measure of first order risk aversion.

The larger is εmax, the more first order risk averse subjects are.

In the first problem we set p equal to 0.5 and, consequently, there were no light

blue chips in the bag. In the second problem, we set p = 0.4 and subjects earned

AC8.65 if a light blue chip was drawn. Hence, in this problem, as in the first, subjects

could avoid facing any risk by allocating AC8.65 to both yellow and purple. In the

third problem, we also set p = 0.4 but subjects earned nothing if a light blue chip was

drawn. Consequently, in this final problem subjects could not completely avoid facing
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Figure 10: A screenshot of the interface for first order risk aversion .

risk. Segal and Spivak (1990) dub this conditional first order risk aversion. Loomes

and Segal (1994) show that an expected utility maximizer with differentiable utility

function will have εmax equal to zero in all three problems, whereas a rank-dependent

utility maximizer (as in HEU) will have εmax > 0 in all three problems. Finally, if a

subject behaves according to Gul (1991)’s theory of disappointment aversion he will

have εmax > 0 in the first two problems, but εmax = 0 in the third problem.

The order in which the three problems were asked was random. We used a bisec-

tion process to elicit εmax in each of the three problems. In the first allocation ε was

always set equal to p/2. Subjects saw a colored bar on their screen of which (p + ε)%

was yellow, (p− ε)% was purple, and (1− 2p)% was light blue. The numbers p + ε,

p − ε, and 1− 2p were also displayed to make it clear what the respective probabil-

ities were. Figures 9 and 10 give examples of the way the allocation problems were

presented to the subjects.

Subjects faced two types of screens. The first screen showed six allocations where

the amount subjects could put on yellow increased in steps of AC2 from AC6.65 to AC16.65
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(and, consequently, the amount they could put on purple decreased from AC10.65 to

AC0.65). The question with AC6.65 was included to test for subjects’ understanding as

this allocation was dominated by the allocation where AC10.65 was put on yellow. Fig-

ure 9 is an example of the first screen.

The bisection process varied ε until we had determined the maximum value ε∗ for

which subjects still preferred an equal allocation between yellow and purple and the

minimum value ε∗ for which they preferred an unequal allocation between yellow

and purple. The difference between ε∗ and ε∗ was at most 2%. We then moved to a

second screen, Figure 10 is an example of a second screen, which showed five alloca-

tions where the amount subjects could put on yellow increased in steps of AC0.40 from

AC8.25 (again a dominated option) to AC9.85. The bisection process again zoomed in at

the maximum value ε∗ for which subjects still preferred an equal allocation between

yellow and purple and the minimum value ε∗ for which they preferred an unequal

allocation between yellow and purple. The difference between these two values was

again at most 2% and we took their midpoint as the value of εmax.

The maximum value of εmax was 50 in the two color test and 40 in the three color

tests. Hence, we computed an index of first order risk aversion as εmax/50 in the two

color test and as εmax/40 in the three color tests.

At the end of the second part, we repeated the complete elicitation of εmax in the

two color problem to get an impression of the quality of the data. After the repeated

elicitation of εmax, we randomly selected two allocation choices from each of the two

three color problems as additional consistency checks.

4.2 Results

Consistency

The consistency was overall good. In the repeated ambiguity choice, 96% of the

subjects made a choice that was consistent with their elicited indifference value. A

Bayesian t-test supported the null hypothesis that the repeated and the original elici-

tation of εmax in the two color test of first order risk aversion were equal (BF=7.95). In

the repeated three color problem with light blue balls wining AC8.65 (the test of first or-
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der risk aversion), 57% of the subjects chose the same allocation (recall that they could

choose out of 6 allocations). A Bayesian t-test supported the null that subjects selected

the same allocation in the repeated choice over the alternative hypothesis that they did

not (BF=7.22). In the repeated three color problem when light blue balls gave nothing

(the test of conditional first order risk aversion), 49% of the subjects chose the same

allocation. In this repetition, we observed more conditional first order risk aversion

than in the original choice. A Bayesian t-test supported the alternative that subjects

chose to put more money on yellow than in the original elicitation (BF=11.36).

In each allocation decision, subjects could violate first order stochastic dominance

(FOSD). We observed a violation of FOSD in 0.7% of the allocation decisions. Only six

subjects ever violated FOSD, four of these only once. Three of the subjects who vio-

lated FOSD were expected utility maximizers and, for reasons explained below, they

had to be excluded from our analysis of the correlation between ambiguity aversion

and first order risk aversion, anyway. We decided not to exclude subjects because they

violated FOSD, but excluding them did not affect our conclusions.

Ambiguity attitude

Figure 11 shows the cumulative distribution of the matching probabilities. The

result shows that ambiguity aversion was the dominant pattern. 71.3% of the subjects

had matching probabilities less than 50% (indicated by the dotted line in the figure)

and were ambiguity averse. The others were ambiguity seeking. The mean value of

the matching probability, the number of winning chips in the known urn that made

subjects indifferent between betting on the known and on the unknown urn, was 46.7.

A Bayesian t-test gave very strong support for the hypothesis of ambiguity aversion

against ambiguity neutrality or ambiguity seeking (BF=37.0).

Figure 12 shows the mean values of our index of first order risk aversion in the

three decision problems including their 95% confidence interval. A Bayesian t-test

shows very strong support that the means of the index exceed 0, signaling first order

risk aversion and a violation of expected utility at the aggregate level (all BF>38000).

The data also contradict Gul (1991)’s theory of disappointment aversion, which pre-

dicts that the index of conditional first order risk aversion (when light blue gives 0
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Figure 11: Cumulative distribution of the matching probabilities.

and all risk can not be excluded) should be zero. The test of conditional first order

risk aversion showed some inconsistencies in the repeated measurements, but, if any-

thing, subjects became more first order risk averse in the repeated measurements and,

consequently, deviated even more from disappointment aversion theory. As shown

by Figure 12, we did actually observe most first order risk aversion in this test, but a

Bayesian Anova with repeated measures gave inconclusive evidence whether the in-

dices of first order risk aversion differed across the three tests and the null of equality

was more likely (BF=2.7 in favor of the null).6

Figure 13 shows the cumulative distribution functions of the three indices of first

order risk aversion. The figure shows that the distributions are close and that in each of

the tests around 50% of the subjects were first order risk averse. This also means that

even though we found violations at the aggregate level, around 50% of the subjects

behaved consistent with disappointment aversion theory. Thirty five out of the 94

subjects (37.2%) had εmax equal to 0 in all three tests and behaved consistent with EU.

This proportion is higher than in Loomes and Segal (1994) who found that 24.3% of

their subjects were first order risk averse. This difference might be explained by the

larger number (16) of tests in their study.

6 p = 0.08 by an Anova with repeated measurements.
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Figure 12: Mean values of the index of first order risk aversion in the three allocation

problems.

Figure 13: Cumulative distribution index of first order risk aversion.
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Under HEU, subjects who do not exhibit first order risk aversion for a source, view

all events in that source as “ideal” and are expected utility maximizers for acts mea-

surable for that source. That is, γ(p) = p and it follows from Eq. 4 that regardless of α,

w(p) = p. Hence, for expected utility maximizers there is no relation between ambi-

guity aversion and first order risk aversion and we, therefore, removed these subjects

from the analysis about the correlation between ambiguity aversion and first order

risk aversion reported next .

Correlation ambiguity aversion and first order risk aversion

Figure 14 shows the relation between our indices of ambiguity aversion and first

order risk aversion. In interpreting the figure it is important to keep in mind that for a

given ambiguity perception, β, higher values of α correspond to more first order risk

aversion. Our measure of ambiguity aversion reflects both subjects’ perception of the

ambiguity of a source and their aversion to it. Likewise, our measure of first order

risk aversion will also be affected by differences in utility. However, since for given

levels of utility and ambiguity perception, higher values of α lead to lower matching

probabilities and to higher values of εmax, we would still expect a positive correlation

between our measures of ambiguity aversion and first order risk aversion, albeit not

perfect because of the potential confounding arising from differences in utilities and

in ambiguity perceptions across subjects .

Figure 14 indeed suggests a slightly positive relationship between ambiguity aver-

sion and first order risk aversion. To wit, we have drawn in each of the panel, the lin-

ear regression line and their error bound (± one standard error), which has a slightly

positive slope in each case. The correlations are slight to fair (Landis and Koch 1977):

0.25 for the 2 color problem, 0.20 for the three color problem with AC8.65 on light blue,

and 0.14 for the three color problem with AC0 on light blue (the test of conditional risk

aversion).

We performed several Bayesian regressions with fixed effects to account for the

possible serial correlation between the errors in the measurements of the three values

of εmax. The best fitting model was slightly more likely than the null that first order

risk aversion played no role in explaining ambiguity aversion (BF=1.20), but the evi-
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Figure 14: The relation between ambiguity aversion and first order risk aversion.
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dence was inconclusive. On the other hand, 91.4% of the posterior distribution of the

coefficient for first order risk aversion had the expected sign and a classical regression

analysis rejected the null of no effect of first order risk aversion against the alternative

of a positive relation at the 5% level (p=0.03).

5 Conclusion

Gul and Pesendorfer’s (2016) HEU is an attractive model that can accommodate many

of the behavioral patterns that have been observed in decision under risk and uncer-

tainty. It can account for the joint occurrence of ambiguity aversion and ambiguity

seeking and for source-dependence of ambiguity attitudes. For decision under risk,

HEU is equivalent to rank-dependent utility with a power series probability weight-

ing function. Consequently, it can explain all the deviations of expected utility that

rank-dependent utility and prospect theory for gains can explain.

In this paper we show how HEU can be measured. The main challenge in doing

so was to come up with a power series that could empirically be estimated and that

fitted the data well. Our proposed one-parameter power series, which leads to the

two-parameter probability weighting function in Eq. 6 fitted well and generally fit-

ted the data as well as Prelec’s widely used two parameter functional form except for

those subjects whose behavior was erroneous. We applied our method to the data of

Abdellaoui et al. (2011) and tested HEU’s prediction that the ambiguity aversion pa-

rameter α was constant across sources of uncertainty. We observed mixed support for

this prediction. In the first dataset we found some support for the alternative hypoth-

esis that α differed for risk and uncertainty. However, in the more extensive second

experiment we found support for HEU’s prediction that α is constant across sources.

Overall, we are inclined to interpret the data as largely supporting the implication of

HEU that an individual’s aversion to ambiguity is constant across sources.

We also tested HEU’s prediction that ambiguity aversion and first order risk aver-

sion are positively correlated. We found indeed that the correlation coefficients were

positive, but they were fair at best and a Bayesian regression analysis did not give

clear support for either the null of no correlation or the alternative of a positive corre-
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lation. On the other hand, a classic statistical test rejected the null of zero correlation

against the alternative of positive correlation. As we explained before, we did not

expect the correlation coefficients to be perfect due to confounding effect of hetero-

geneity in ambiguity perception and utility across subjects. In the data of Abdellaoui

et al. (2011) we saw that ambiguity perception can differ considerably across subjects

even for risk. This mirrors the findings of Armantier and Treich (2015) found that

their subjects had systematically different risk attitudes for simple than for more com-

plex risky prospects and that attitudes towards complex risky prospects were tightly

linked to attitudes towards ambiguity. The allocation problem that subjects faced in

the test of first order risk aversion was complex and, hence, ambiguity perception may

have interfered. One way to extend our research is to measure ambiguity perception

and utility separately, as we did in the first experiment. By controlling for ambiguity

perception and utility, the observed correlation might be stronger.

We found the strongest correlation between ambiguity aversion and first order risk

aversion in the two color problem. It might be that the greater complexity of the three

color problems led to more noise which could have diluted the observed correlation.

On the other hand, the easiest heuristic to apply in the first order risk aversion prob-

lems would be to choose εmax = 0 and we observed no difference in the number of

participants who chose this between the two and three color problems.

We found that for most subjects our measure of first order risk aversion was close to

zero. This depressed the correlation between ambiguity aversion and first order risk

aversion. Perhaps our measure of first order risk aversion was not precise enough.

Future research may think about alternative, more precise ways to measure first order

risk aversion. Overall, we are inclined to interpret the evidence that we obtained as

cautiously positive for HEU. In the most extensive data set of Abdellaoui et al. (2011)

we found support for HEU. In the second experiment, the evidence was inconclusive

but this could be because of the heterogeneity in ambiguity perception and utility

and, moreover, the task was rather complex. The easiest test gave most support for

the prediction of HEU.
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Appendix A : Proofs.

Lemma 1. Given γβ (x) = (1−β)x
(1+β)(1−x)+(1−β)x , the coefficients of Taylor Series of γβ (x) are

always positive.

Proof. First notice that

γβ(x) =
1

1+β
1−β (

1
x − 1) + 1

.

If we set

gβ(x) :=
1 + β

1− β
(

1
x
− 1) + 1

(
= 1/γβ (x)

)
then we see that g(n)β (x) = 1+β

1−β (−1)nn!x−(n+1) and g(n)β (x) = (−1)nx−1g(n−1)
β (x) for

all n ≥ 2.

Moreover, since γβ (x) gβ (x) = 1, it follows that

(γβ (x) gβ (x))(n) = 0 for all n ≥ 1, (7)

By the rule of derivatives, (7) is equivalent to: for all n ≥ 1,

n

∑
i=0

(
n
i

)
γi

β(x)gn−i
β (x) =

n

∑
i=0

n!
i!(n− i)!

γi
β(x)gn−i

β (x) = 0 . (8)

For i ≥ 2, since gn−i
β (x) = (−1)(n− i)x−1gn−i−1

β (x), we have

n!
i!(n− i)!

f i
β(x)gn−i

β (x) =
n!

i!(n− i)!
γi

β(x)(−1)(n− i)x−1gn−i−1
β (x) (9)

=
−n
x

(n− 1)!
i!(n− i− 1)!

γi
β(x)gn−i−1

β (x) . (10)

Substituting each term when i > 2 in (8) by (10) , we have

n

∑
i=0

n!
i!(n− i)!

γi
β(x)gn−i

β (x) =γn
β(x)gβ(x) + n f n−1

β (x)g(1)β (x)

+
−n
x

n−2

∑
i=0

(n− 1)!
i!(n− i− 1)!

γi
β(x)gn−i−1

β (x)

=γn
β(x)gβ(x) + nγn−1

β (x)g(1)β (x) +
−n
x

(−γn−1
β (x)gβ(x))

=γn
β(x)gβ(x) + nγn−1

β (x)g(1)β (x) +
n
x
(γn−1

β (x)gβ(x))

=γn
β(x)gβ(x) + nγn−1

β (x)(g(1)β (x) +
1
x

gβ(x)) = 0
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It is straightfoward to check that g(1)β (x)+ 1
x gβ(x) < 0, and so by induction if γn−1

β (x) >

0, then γn
β(x) > 0, as required.
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(Online) Appendix B

1 Experimental Details

1.1 Eliciting Matching Probability

1.1.1 Instruction

In this part of the experiment we ask you to choose between two urns — Urn K

and Urn U. Both urns contain 100 chips of two colors, blue and red. At the start

of the experiment, you choose a color, blue or red, that will be your winning color

throughout the first part of the experiment. In Urn K, the exact mix of the two col-

ors is known whereas the composition of unknown urn has been determined be-

fore the experiment by someone who does not know the purpose of the experiment.

Suppose you have chosen blue as your winning color. Figure a shows an example of

Urn K, where it contains 34 blue balls and 66 red chips. The composition of Urn K will

vary over the questions but it is always known.

Figure b gives an example of Urn U that contains 100 blue and red chips but in un-

known proportions. Again, you receive AC20 if a blue ball is drawn but you do not

know how many blue balls there are in the urn.

After you have made your choice between Urn K and Urn U, a confirm button will

appear. If you agree with your choice, please click on this button . This will make your

choice definitive and you go to the next question. If you do not agree with your choice

you can change it. You can no longer change your choice after you have clicked on the

Confirm button.

At the end of the experiment, we will randomly select one question that will be played

out for real. In this question you will be paid according to the option you chose during

the experiment. For example, if you chose the know urn, you draw a chip from the

bag with known composition. If you chose the unknown urn you draw a chip from
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Figure a Figure b

the unknown urn.Hence it is in your best interest to choose in each question the op-

tion that you prefer. Please note that there are no right or wrong answers. We are only

interested in your preferences.

After instruction, we provide some questions to test whether subjects understand the

tasks or not. Only when they answer the tests correctly they can proceed.

1.1.2 Example of tasks

The first question starts like the following Figure 2. If subjects choose Urn U, we

proceed to Figure 3.

Otherwise, the Urn K contains 34 blue chips and 66 red chips. We continue the ques-

tions until subjects switch from choosing Urn K to Urn U or Urn U to Urn K.
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Figure 2: First question

1.2 Eliciting First Order Risk Attitude

1.2.1 Instruction

In the second part of the experiment you will be asked to create a lottey yourself.

Consider again an urn with 100 chips, this time yellow, purple, or light blue. In the

second part the composition of the urn is always known. Figure 4 shows an example

where 54 chips are yellow,46 chips are purple and there are no light blue chips. Figure

5 an example where 50 chips are yellow, 30 chips are purple, and 20 chips are light

blue. In each question, we will always ask you to divide AC17.30 over yellow and

purple. The amount you receive when a light blue chip is drawn is given. So if you

put AC10 on yellow and AC7.30 on purple in Figure 4, you receive AC10 if a yellow chip

is drawn from the urn and AC7.30 if a purple chip is drawn from the urn. If you put

AC11.10 on yellow and AC6.20 on purple in Figure 5, you receive AC11.10 if a yellow chip

is drawn , AC6.20 if a purple one is drawn, and AC8.65 if a light blue one is drawn from

the urn. Figure 4. Example of a two-color lottery with 54 yellow chips, 46 purple chips,
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Figure 3: If Urn U is chosend, the second question

and 0 light blue chips.

Figure 4: First question

Figure 5: If Urn U is chosend, the second question

You select your optimal allocation by choosing from a list of allocations. We will

give an example below. Click on your preferred allocation. Then a Confirm button
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will appear. This will make your choice definitive and you go to the next question. If

you do not agree with your choice you can change it. You can no longer change your

choice after you have clicked on the Confirm button.

Remember that one question from the experiment will be randomly selected to be

played out for real.

If a question from the second part of the experiment is randomly selected at the end

of the experiment then you will draw a chip from a bag corresponding to the question

and you will paid according to your selected allocation.

We will now test your understanding of the instructions by following questions

and a followed practice question.

1.2.2 Example of tasks

Figures 6 and 7 illustrate the two-color task for the first order risk aversion. Figures

8 and 9 illustrate the three-color task for the conditional first order risk aversion with

20% chance to have payoff AC8.65. while figures 10 and 11 illustrate this task with 20%

chance to have payoff AC0.
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Figure 6: First step

Figure 7: Second step
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Figure 8: First step

Figure 9: Second step

41



Figure 10: First step

Figure 11: Second step
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2 Comparison with Prelec Weighting Function

This section provides some extra results showing that our HEU probability weighting

function performs as well as Prelec’s two-parameter probability weighting function. A

widely-used measure of the goodness of fit is the sum of the squared residuals (SSR).

The next tables show the SSRs for the three natural sources in the second experiment

of ABPW, both when our HEU weighting function is used and when Prelec’s two-

parameter weighting function is used. Tables 1 and 2 show the total SSRs for all the

subjects together. The data show that by this metric our weighting function performs

better than Prelec’s.

Table 1: Real Payment

Sum of SSR HEU Weighting Fun. Prelec Weighting Fun.

CAC40 1.5672 2.6808

Foreign Temp. 1.2196 2.3211

Paris Temp. 1.4809 2.1584

Table 2: Hypothetical Payment

Sum of SSR HEU Weighting Fun. Prelec Weighting Fun.

CAC40 1.1173 1.5924

Foreign Temp. 0.8999 1.4039

Paris Temp. 1.0998 2.4416

Tables 3 and 4 show the SSRs when we estimate the weightig functions based on the

aggregate data. Here, Prelec’s two-parameter weighting function performs slightly

better. The differences are, again, small.

Table 3: Real Payment

SSR HEU Weighting Fun. Prelec Weighting Fun.

CAC40 0.0011 0.0017

Foreign Temp. 0.0018 2.7240e-04

Paris Temp. 0.0017 1.3333e-04
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Table 4: Hypothetical Payment

SSR HEU Weighting Fun. Prelec Weighting Fun.

CAC40 3.7077e-04 0.0017

Foreign Temp. 8.2369e-04 1.0472e-04

Paris Temp. 0.0015 4.3354e-04

We also attach the comparison of fitting graphs of each subject.
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