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Abstract

In the context of normal-form games with complete information, we introduce a notion

of correlated equilibrium that allows partial delegation to a mediator and ambiguity in the

correlation device. Without ambiguity, the sets of equilibrium action distributions are equiv-

alent to those for coarse correlated equilibrium (Moulin and Vial, 1978). With correlation

devices that incorporate ambiguity, any action distribution that Pareto dominates a coarse

correlated equilibrium or a correlated equilibrium (Aumann, 1974), can be approximated

with an arbitrary degree of precision using the proposed equilibrium notion. These approx-

imations are attained in one-shot, static strategic interactions, and do not require repeated

play. We also analyze such equilibria when the set of feasible posteriors is exogenously con-

strained, which yields, as a special case, a definition and characterization of an “ambiguous

correlated equilibrium” that does not require delegation to the mediator.
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1 Introduction

In the setting of the classic correlated equilibrium (CE) of Aumann (1974), it is assumed that

each player chooses an action after she has observed a private signal generated via an extrane-

ous probabilistic correlation device. Myerson (1982) and Aumann (1987) show that every CE

has an equivalent canonical representation, where the correlation device is given by a probabil-

ity distribution over action profiles, so that after an action profile is drawn according to this

distribution, each player is informed of her action in the drawn profile. The distribution then

constitutes a CE if she never has a strict incentive to deviate from selecting the action the de-

vice recommends she choose.1 An extension of this definition of CE was proposed by Moulin

and Vial (1978), who introduced a notion of equilibrium that in the recent literature has been

dubbed a coarse correlated equilibrium (CCE). A CCE is still defined by a distribution over action

profiles, but players receive no additional information beyond their (common) knowledge of the

equilibrium distribution. Instead, each player can choose either to allow the mediator to imple-

ment an action profile drawn according to this equilibrium distribution, or she can unilaterally

deviate by selecting her own action (or mixed strategy) independently of this distribution.2 It is

straightforward to show that the set of CE and CCE coincide for two-action games, however, as

illustrated in Moulin and Vial (1978), even for games with just two players and three actions,

there exist CCE with expected payoffs that dominate those of every CE.

In this paper, we introduce a generalization of CCE that allows for players with ambiguity-

averse preferences, together with ambiguous (that is, set-valued) correlation devices. Analo-

gous to the universal Bayesian solution analyzed by Forges (1993) in the context of games with

incomplete information, an equilibrium is defined by a set of probability distributions over the

Cartesian product of the action space and an (arbitrary) signal space.3 A mediator selects one of

the probability distributions according to an arbitrary procedure, and draws a profile of actions

1Hence, CE and canonical CE are equivalent in terms of the induced ex-ante equilibrium distributions over action

profiles. An epistemic comparison of CE and canonical CE from an interim perspective is presented in Bach and

Perea (2020).
2An alternative interpretation of CCE requires players either, to commit to implementing a recommended action

(before knowing what the recommendation is), or to choose independently an individual action without receiving

a recommendation. Applications of CCE can be found in Gérard-Varet and Moulin (1978), Ray and Gupta (2013),

Moulin et al. (2014), Young (2004), Hart and Mas-Colell (2015) and Awaya and Krishna (2019).
3Our model does not assume, however, that the players’ signals provide full information regarding their own

recommended actions, as is the case for the universal Bayesian solution. Notice also that while the focus of our paper

is on complete information games, so as to emphasize the impact of correlation and ambiguity, by building on the

setup in Forges (1993) the general approach we propose could be extended to games with incomplete information.
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and signals according to the chosen distribution. Each player is then informed of the realiza-

tion of her private signal, but not of the realized action profile, her opponents’ signals, or the

specific probability distributions on which the draw was made. After learning the realizations

of their private signals, players update their beliefs using full Bayesian updating (Jaffray, 1992;

Pires, 2002), and on the basis of maxmin preferences (Gilboa and Schmeidler, 1989; Gajdos et al.,

2008), each decides whether to allow the mediator to implement the associated action profile, or

to deviate by independently selecting her own action or mixed strategy. We call the resulting

equilibrium notion a delegated correlated equilibrium (DCE), since players essentially delegate their

action choices to the mediator, but maintain the option of revoking that delegation after learning

the realization of their private signals—in a DCE, no player has a strict incentive to revoke her

delegation to the mediator at any signal realization.

Even though the idea of delegation is not standard in the game-theory literature (except for

the notion of CCE), one could envisage applications, such as the coordinated behavior of au-

tonomous self-driving cars, where drivers receive certain signals about the environment, and

then must decide whether to intervene and take control of the car, or to allow the vehicle to

proceed autonomously, possibly employing a procedure that is coordinated with other vehicles

on the road. While the decision-making of current autonomous systems for self-driving vehi-

cles is generally independent across vehicles, the real-time communication between artificial-

intelligent (AI) systems that our approach suggests is one of the promises of the new 5G net-

works that are currently being rolled out worldwide. One might view a key feature for such AI

systems to be acceptable to the general public, would be that drivers retain the right to take con-

trol of their vehicles, even though in a DCE they will never have a strict incentive to invoke this

right. Hence, the notion of DCE should be considered relevant for situations in which players

are afforded the opportunity to delegate their action choices to AI agents, who may be endowed

with an ability to coordinate strategic decisions between players.

Another potential application of our proposed equilibrium notion is in (finite) routing games

(see Shoham and Leyton-Brown, 2009; Roughgarden, 2007, for an introduction), which consti-

tute an example of congestion games, as introduced by Rosenthal (1973). In a congestion game,

each player chooses a subset from a set of available resources, and incurs a cost for each selected

resource that depends on the total number of players who also choose the same resource. In

a network routing game, each player/network user selects a path of links on a directed graph

connecting a source node and a target node that are player-specific, and incurs a cost for each

chosen link that is a function of the number of players whose chosen path also passes through

this link, which captures the delay incurred in transmitting a message via the link. To apply the
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framework of DCE, the networking protocol controlling the transmissions through the network

would need to be configured to act as a trusted mediator, who chooses a usage pattern for the

network based on an ambiguous correlation device and informs the players of the correspond-

ing signals, such that the players maintain the option of revoking their delegation to the protocol

and independently selecting a transmission path. If the objective of network users is to minmax

their costs, which seems plausible in the sense of minimizing the worst-case delay incurred by

the chosen transmission paths, the methods we propose apply directly to such games.4

When the correlation device defining a DCE involves no ambiguity, the resulting unam-

biguous DCE (uDCE) essentially augments the notion of CCE with an informative signal space.

Hence, if each player’s signal is the same as her randomly drawn action, then the associated

uDCE is equivalent to a canonical CE, where the mediator recommends an action to each player.

Similarly, when each player only receives a null signal, the resulting uDCE is identical to a CCE.

Clearly, such a null signal yields the weakest incentive constraints among all possible signal

spaces, and therefore the largest set of action distributions that are implementable by uDCE.

Consequently, the set of action distributions that are implementable by uDCE must be identical

to the set of CCE. However, if we consider ambiguity-averse players together with ambiguous

correlation devices, allowing for informative signal spaces provides a critical benefit in terms of

enlarging the set of distributions over action profiles that can be induced by DCE. Specifically,

defining an action distribution σ to be implemented by a DCE if every action–signal distribution

that defines the DCE induces the same marginal distribution σ over action profiles (so the am-

biguity in the correlation device is restricted to signals), we show that every action distribution

that Pareto dominates a CCE distribution can be approximately implemented using ambiguous

correlation devices, in a precise sense to be defined later. The intuition for this result is illustrated

by the following example:

Example 1. Consider a classic prisoner’s dilemma, as pictured in Figure 1. The action distribu-

tion that assigns probability one to (c, c) dominates the (unique CCE) distribution that assigns

probability one to (d, d). Letting δcc, δdd P ∆tcc, cd, dc, ddu denote the degenerate action distri-

butions that assign probability one to (c, c) and (d, d), respectively, we now construct, for any

ε P (0, 1), a DCE that implements the distribution σε := (1 ´ ε)δcc + εδdd.

Given the symmetry of the game, it suffices to allow both players to observe a common signal

4Ashlagi et al. (2008) already point out that the (implicit) presence of a mediator for CE makes CE especially

appropriate for the study of multi-agent systems in AI, and also include a related analysis of congestion games.

Roughgarden (2015) also considers CE and CCE in relation to a certain class of congestion games. We will discuss

their work and some related implications of properties of DCE in section 6.3.

3



Player 2

c d

Player 1 c
3

3

4

0

d
0

4

1

1

Figure 1: A Prisoner’s dilemma

from a two-element signal space S = ts1, s2u, and define a DCE comprised of two action–signal

distributions sq, rq P ∆(tcc, dc, cd, ccu ˆ ts1, s2u). For any (a, s) P tcc, dc, cd, ccu ˆ ts1, s2u, we can set

sq(a, s) = σε(a)sπ(s|a), and rq(a, s) = σε(a)rπ(s|a),

so that both sq and rq have the same marginal σε on the action space, and let the conditionals

sπ(¨|a) and rπ(¨|a) be given by

sπ(s1|cc) = rπ(s2|cc) = 1, and sπ(s2|dd) = rπ(s1|dd) = 1

for a = cc and a = dd, and be arbitrary for the remaining action profiles. The sets of player pos-

teriors after observing the signals s1 and s2 are then both equal to tδcc, δddu, so that, irrespective

of the signal that a player receives, the worst-case payoff from maintaining the delegation is at-

tained at δdd and is equal to 1, and the maxmin payoff from revoking the delegation is also equal

to 1 and is attained at δdd together with the independent mixed strategy assigning probability

one to d. Hence, no player has a strict incentive to revoke her delegation.5 ◁

As a further contribution of our paper, we also propose a generalization of CE to strategic

environments with ambiguity averse players, which is applicable in situations where players

can coordinate through an extraneous correlation device, but are not able to delegate their action

choices to a mediator. The intuition for the resulting definition of ambiguous correlated equilibrium

(ACE) follows from a reinterpretation of CE as a uDCE where each player’s set of feasible pos-

teriors over action profiles are constrained to lie on those faces of the corresponding probability

simplex that assign probability one to the player’s own actions, so that signals can be viewed

as action recommendations. Based on an analogous notion of constrained DCE, an ACE then

restricts the feasible sets of posteriors associated with any player signal to contain only elements

5We will show later that for some games, it is possible to derive analogous results based on DCE where players

have a strict preference to maintain their delegation to the mediator.
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that assign probability one to the same action of this player, so that every player can be entrusted

to select their own equilibrium actions. The sets of action distributions that are implementable

by an ACE can coincide with those that are implementable by DCE for some games, but may

also be identical to the sets of CCE for other games (such as, e.g., the prisoner’s dilemma).

The definitions of DCE or ACE implicitly assume that the correlation device associated with

an equilibrium is common knowledge between the players, and that all players believe that

their opponents conform to their respective equilibrium behavior (i.e., players do not revoke

their delegation to the mediator for DCE, or select the recommended action for ACE), so that no

player has an incentive to deviate unilaterally. How a particular equilibrium correlation device

will be chosen, especially in the case when a game possesses multiple DCE/ACE, will depend

on the specific strategic environment under consideration. Presumably, a society or group of

players will need to establish appropriate social norms that may be enforced through legislative

or technical frameworks, and which enable players to attain the common knowledge required to

coordinate on an equilibrium and a corresponding mediator. In some sense, this is analogous to

making a selection from multiple Nash equilibria, although, especially in the case when AI sys-

tems are used to coordinate behavior, and more so when delegation to an AI system is involved,

reaching an appropriate social consensus should be non-trivial, and would probably require the

consideration of various philosophical, legal and social issues.6 While the question of how a

society should select an appropriate correlation device together with a corresponding mediator

to which to entrust the delegation is beyond the scope of the present paper, the framework we

propose should provide a theoretical structure to support a related analysis and/or discussion,

for the case when the players or society members are ambiguity averse.

The rest of the paper is organized as follows. Section 2 introduces the model, our main equi-

librium definition, as well as some preliminary results. Section 3 presents a simple method to

construct DCE, and characterizes action distributions that are implementable by DCE. Section 4

defines and analyzes ACE, based on a notion of constrained DCE. Section 5.1 briefly addresses

some matters related to dynamic consistency and welfare, and Section 5.2 discusses the robust-

ness of our analysis to alternative preference specifications. Additional related literature is re-

viewed in Section 6. Proofs of all results that are not immediate from the discussion in the main

text can be found in Appendix A.

6Alternatively, a particular society may also voluntarily acquiesce to the correlation device that is imposed on

it by the CEO of a relevant technology company. A survey of issues and challenges related to designing socially

responsible AI algorithms is presented in Cheng et al. (2021).
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2 Preliminaries and equilibrium definition

Consider a finite normal-form game Γ = (N, (Ai)iPN , (ui)iPN), where

• N := t1, . . . , nu denotes the set of n players,

and for each player i P N,

• Ai is the (finite) set of actions available to player i, with generic element ai, and

• ui is a function that assigns a payoff (utility) for player i to each action profile a = (a1, . . . , an) P

A := ˆiPN Ai.

To construct the correlation devices used in defining a delegated correlated equilibrium (DCE),

we add to the description of the game a collection (Si)iPN comprised of finite sets Si of possible

signal realizations for players i P N, and let S := ˆiSi denote the resulting signal space, with

generic element given by a profile of signal realizations s = (s1, . . . , sn) P S . We identify an

ambiguous correlation device with a finite set of distributions Q defined over pairs (a, s) P A ˆ S,

so Q Ă ∆(A ˆ S). For each distribution q P Q and realization si P Si, let qsi denote the marginal

of q on the action space A, conditional on si. The interpretation of the correlation device is that

the common mediator chooses a distribution q from Q according to an arbitrary unspecified

procedure (for example, based on an appropriately designed Ellsberg urn), draws a realization

(a, s) using the selected q, and informs each player i of her associated signal si.

If player i believes that the actions a´i = (a1, . . . , ai´1, ai+1, . . . , an) of her opponents will be

determined according to the profile a drawn by the mediator, then knowing the realization si,

but not the realized action profile a nor the distribution q on which the draw was based, she

must choose one of two options: either she can let the mediator implement the action profile a,

or she can unilaterally revoke her delegation to the mediator and choose on her own behalf an

action from Ai based on any independent mixed strategy ρi P ∆Ai. Her expected maxmin utility

from choosing the former option is given by

min
qPQ

ÿ

aPA

ui(a)qsi(a),

while from the latter it is given by

min
qPQ

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)
ÿ

aiPAi

qsi(ai, a´i),

where
ř

aiPAi
qsi(ai, a´i) is by construction the marginal of qsi on A´i.

An equilibrium can then be defined as follows:
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Definition 1. A delegated correlated equilibrium (DCE) of a game Γ = (N, (Ai)iPN , (ui)iPN) consists

of a finite signal space S = ˆiSi and a finite set of distributions Q Ă ∆(A ˆ S), such that for

every player i P N and each of her signal realizations si P Si,

min
qPQ

ÿ

aPA

ui(a)qsi(a) ě max
ρiP∆Ai

$

&

%

min
qPQ

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)
ÿ

aiPAi

qsi(ai, a´i)

,

.

-

. (1)

If the non-deviation condition from equation (1) is satisfied, we say that player i is compliant at

the signal realization si. Thus, compliance captures the requirement that a player i who receives

signal si will not object to the mediator choosing an action in the game on her behalf.7

Given any action–signal distribution q P ∆(A ˆ S), we can write q(a, s) as

q(a, s) = σ(a)π(s|a),

so that σ P ∆A is the marginal of q on A, and π(¨|a) P ∆S is the conditional of q over S, given any

a P A.8 Defining the marginal of π(¨|a) on Si as π(si|a) :=
ř

s´iPS´i
π(si, s´i|a), the conditionals

qsi P ∆A can be expressed as

qsi(a) =
σ(a)π(si|a)

ř

a1PA σ(a1)π(si|a1)
.

We can then view σ as a the prior action distribution associated with q, and qsi as player i’s

posterior arising from the signal si.

Consider now, as a special case, a DCE where Q is a singleton, so no ambiguity is present in

the respective equilibrium. If q P ∆(A ˆ S) denotes the singleton element of Q defining such an

equilibrium, and if σ P ∆A is the marginal of q over A, we will say that σ is implemented through

the particular equilibrium. Since there is no strict benefit to mixing in the absence of ambiguity,

the definition of a DCE can then be rewritten as follows:

Definition 2. An unambiguous DCE (uDCE) of a game Γ = (N, (Ai)iPN , (ui)iPN) is a tuple xS, qy,

consisting of a finite signal space S = ˆiSi and a distribution q P ∆(A ˆ S) with q(a, s) =

σ(a)π(s|a), such that for every player i P N and each of her possible signal realizations si P Si,

ÿ

aPA

ui(a)σ(a)π(si|a) ě
ÿ

aPA

ui(a1
i, a´i)σ(a)π(si|a) for all a1

i P Ai. (2)

7Compliance is similar to the concept of obedience from the literature on Bayes correlated equilibrium and infor-

mation design (see Bergemann and Morris, 2019, for an overview). Note, however, that while obedience refers to

players following the action recommendations provided by a mediator, compliance captures the absence of any strict

incentives to revoke the delegations to the mediator.
8If σ(a) = 0, we can set π(¨|a) P ∆S to be any arbitrary distribution.
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Thus, in order to establish compliance at any realization si of player i’s signal, it is sufficient to

ensure that no deviation to an alternative action a1
i is strictly profitable. If the signals of all play-

ers are uninformative, that is, if the cardinality of S is one, then the conditions from equation

(2) yield the definition of coarse correlated equilibrium (CCE). When Si = Ai, and π(a|a) = 1,

the requirements from (2) reduce to the canonical definition of a standard correlated equilib-

rium (CE). Hence, uDCE generalizes both standard notions of correlated equilibrium. Since the

constraints defining CCE are weaker than those that define CE, we thus have

NE Ă CE Ă CCE Ă uDCE˚,

where uDCE˚ denotes the distributions over action profiles that are implementable by a uDCE.

Furthermore, summing over si P Si on both sides of the inequalities defining the equilibrium

conditions (2), yields conditions that identify σ P ∆A as a CCE, and thus implies the inclusion

uDCE˚
Ă CCE, so uDCE˚ = CCE.

One of the key benefits that delegation yields within a DCE, is that only the posteriors qsi , i.e.,

the first-order beliefs over the action space that are induced by an action–signal distribution q P

∆(A ˆ S), are relevant for the corresponding equilibrium conditions, even though the respective

information structure assigns to every signal realization si an infinite belief hierarchy over A and

the beliefs and higher-order beliefs of i’s opponents. Thus, when constructing (sets of) action-

signal distributions that define a DCE or uDCE, we can focus on the specific combination of

posteriors that is associated with each signal realization, which determines whether compliance

holds for the particular signal. In the unambiguous case, this implies further that any signal

space can be restricted to a (finite) subset of ∆A, such that the signal realizations are identified

with their induced posteriors, and where the distribution over signals is independent across

players, conditional on action profiles.9 Specifically, we have

Lemma 1. Given any action–signal distribution q P ∆(A ˆ S) with arbitrary individual signal spaces

Si, there exists an action–signal distribution p P ∆(A ˆ T) with signal spaces Ti Ă ∆A, such that

(i) p is equivalent to q in the sense that they are both based on the same marginal/prior σ P ∆A, and

induce the same collection of posteriors across their respective signal spaces,

(ii) for each ti P Ti, ti = pti , i.e., each signal is identical to its induced posterior based on p, and

9The identification of signal realizations with posteriors is analogous to the reduction that is at the core of the

seminal Bayesian persuasion paper of Kamenica and Gentzkow (2011), who show that the sender can restrict the

signals that she considers to the set of distributions over states of the world.
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(iii) the distribution over signals ti corresponding to p is independent across players, conditional on

action profiles a.

We will refer to an action–signal distribution p as characterized in the lemma as a simple action–

signal distribution. The lemma implies that for every uDCE there exists an equivalent uDCE that

implements the same action distribution, and which is defined through a simple action–signal

distribution. However, as will be discussed further in the next section, characterizing DCE’s

that involve ambiguity requires the introduction of abstract signal “names” that appropriately

connect associated posteriors across the action–signal distributions that define a DCE.

The following two lemmas summarize two properties of simple action–signal distributions

that characterize the geometric relation between the associated priors and posteriors, and which

will provide some technical background for our subsequent analysis and construction of DCE.

While the two lemmas just constitute a restatement of the well-known Splitting Lemma of Au-

mann and Maschler (1995) in the context of simple action–signal distributions, for completeness,

in Appendix A we present proofs based on the notation of our model.

Lemma 2. Suppose that p P ∆(A ˆ T) is a simple action–signal distribution with signal spaces Ti Ă

∆A, so that p(a, t) = σ(a)
ś

iPN πi(ti|a), and let

supp(πi) := tti P ∆A | Da P A such that πi(ti|a) ą 0u.

Then, for each i P N, there exists a probability distribution γi P ∆(supp(πi)) such that

σ =
ÿ

tiPsupp(πi)

γi(ti)ti,

that is, the prior σ is a convex combination of the signals/posteriors ti P supp(πi) of each i P N.

Lemma 3. Let σ P ∆A, ttk
i um

k=1 Ă ∆A, and suppose that there exist numbers tγk
i um

k=1 Ă (0, 1) such that
řm

k=1 γk
i = 1, and

σ =
m
ÿ

k=1

γk
i tk

i ,

so that σ is a convex combination of ttk
i um

k=1 for every i P N. Then, for every a P A, there exist numbers

tπi(tk
i |a)um

k=1 Ă [0, 1] such that
řm

k=1 πi(tk
i |a) = 1, and

tk
i (a) =

σ(a)πi(tk
i |a)

ř

a1PA σ(a1)πi(tk
i |a1)

.

Furthermore, when σ(a) ą 0, we have

πi(tk
i |a) =

γk
i tk

i (a)
σ(a)

.
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3 Ambiguously implementable action distributions

Before extending the definition and characterization of implementable action distribution to

DCE (with ambiguous correlation devices), we now briefly characterize uDCE with potentially

informative signal spaces that are defined by simple action–signal distributions. While, as previ-

ously discussed, such uDCE do not enlarge the set of implementable action distributions relative

to CCE, this discussion provides critical context and terminology for the subsequent analysis of

DCE, and also yields some technical foundations for the version of CE with ambiguous correla-

tion that we introduce in the following section.

In a uDCE defined by a simple action–signal distribution p(a, t) = σ(a)
ś

iPN πi(ti|a), every

player i must be compliant at each signal/posterior ti P ∆A that is in the support of πi(¨|a) for

some a. Hence, the resulting compliance/equilibrium conditions can be summarized as

ÿ

aPA

ui(a)ti(a) ě
ÿ

aPA

ui(a1
i, a´i)ti(a) for all a1

i P Ai.

If these inequalities hold, we will say that the posterior ti is unambiguously compliant. The set of

potential posteriors that are unambiguously compliant is therefore a convex polytope in R|A|, as

it is defined by a finite collection of linear inequalities. Denote this set by pTi, so

pTi :=

#

ti P ∆A

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

aPA

ui(a)ti(a) ě
ÿ

aPA

ui(a1
i, a´i)ti(a) for all a1

i P Ai

+

.

If a uDCE is defined by a simple action–signal distribution p with signal spaces Ti, every fea-

sible signal must yield compliant beliefs, and therefore, Ti Ă pTi. Since any prior distribution

σ P ∆A that is implemented through such a uDCE is a convex combination of the relevant sig-

nals/posteriors by Lemma 2, and pTi is a convex polytope, the implemented prior σ must also be

compliant. As this holds for every player i, the following characterization of action distributions

that can be attained through a uDCE is then immediate:

Proposition 4. Fix a game Γ = (N, (Ai)iPN , (ui)iPN). Then the following statements are equivalent:

(i) A distribution over action profiles σ P ∆A can be implemented through a uDCE;

(ii) σ P
Ş

iPN
pTi.

Since
Ş

iPN
pTi also characterizes the set of all action distributions that constitute a coarse corre-

lated equilibrium (CCE), Proposition 4 yields an alternative proof that uDCE˚ = CCE.

We now turn to delegated correlated equilibria (DCE) characterized by a pair xS, Qy, where

S = ˆiPNSi is a signal space and Q Ă ∆(A ˆ S) is an ambiguous correlation device. In order
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to characterize the compliance conditions for such a DCE xS, Qy, we need to consider for each

signal realization si P Si, the set of conditional distributions over the action space associated

with si. Denote this set of induced posteriors by psi, so

psi := tqsi | q P Qu Ă ∆A.

A critical difference to the unambiguous case is that when we introduce ambiguous correlation

devices, signal “names,” i.e., their identities, can matter, so that a given signal realization si can-

not be identified with its associated posterior belief set psi. Indeed, as demonstrated in Example

2 below (and more generally in Proposition 6), we can construct DCEs based on multiple sig-

nal realizations that each yield the same posterior belief set, and which implement distributions

over the action space that are not implementable by unambiguous DCE. Beauchêne et al. (2019)

refer to distinct signal realizations that yield the same set of posteriors as synonyms, and we will

occasionally follow this terminology.

The compliance condition for any signal realization si that characterizes a DCE xS, Qy can be

summarized as

min
tiPpsi

ÿ

aPA

ui(a)ti(a) ě max
ρiP∆Ai

$

&

%

min
tiPpsi

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)
ÿ

aiPAi

ti(ai, a´i)

,

.

-

. (3)

To characterize compliant belief sets psi, note that the minimum on the RHS of the above in-

equality is concave in ρi, as the point-wise minimum of a family of functions that are linear

in ρi. For compliance to hold, the maximum over ρi of this concave function cannot exceed

mintiPpsi

ř

aPA ui(a)ti(a) (which is independent of, and hence constant in, ρi). Define

ti[psi] := arg min
tiPpsi

ÿ

aPA

ui(a)ti(a).

Then, since for every ρi P ∆Ai,

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)
ÿ

aiPAi

ti[psi](ai, a´i) ě min
tiPpsi

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)
ÿ

aiPAi

ti(ai, a´i),

we get the following sufficient condition for compliance of a belief set psi:

Lemma 5. Suppose psi Ă ∆A is a finite belief set. If ti[psi] P pTi, that is, if ti[psi] is unambiguously

compliant, then psi satisfies equation (3), and is therefore compliant.

While all belief sets psi associated with a DCE xS, Qy must be compliant, Lemma 5 shows that

this does not necessarily require all elements of such compliant sets psi to be unambiguously

11
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Figure 2: Payoff matrix for Example 2

compliant themselves. This suggests that a distribution σ P ∆A that is not unambiguously

implementable, may be implementable through an ambiguous correlation device, if σ can be

expressed as a convex combination of posterior beliefs that allows each si to be associated with

a belief set psi containing at least one unambiguously compliant distribution. Before proving a

general result along this line, we illustrate and motivate this result using a game taken from

Aumann (1974), which we reinterpret as an example of a simple strategic interaction between

two self-driving vehicles.

Example 2. Consider a situation in which two self-driving vehicles are approaching a narrow

bridge from opposite sides. Each faces the choice between driving defensively (denoted, d) or

egotistically, that is, aggressively (denoted, e). If both drive defensively then they can safely pass

by each other on the bridge proceeding at a reasonable speed. However, if one chooses to drive

egotistically while the other adopts a defensive posture, then the defensive driver is forced to

wait before venturing onto the bridge until the aggressor has sped past. We model this as a 2 ˆ 2

game with a payoff matrix pictured in Figure 3.

This game possesses two Nash equilibria (NE) in pure strategies, (d, e) and (e, d), and a

(symmetric) NE in mixed strategies, where each driver plays d with probability 2
3 , yielding an

expected payoff of 4 2
3 . In order to provide a simple graphical illustration of CCE/uDCE distribu-

tions, we restrict our analysis to σ that assign probability zero to the outcome (e, e), and use σdd, σde and

σed to denote the probabilities assigned to strategy profiles (d, d), (d, e) and (e, d), respectively.10

The compliance conditions describing a CCE σ = (σdd , σde , σed) reduce to

σde ě
1
2

σdd, and σed ě
1
2

σdd.

10If we interpret a CCE/uDCE as a model of self-driving vehicles that are coordinated by a central AI system,

setting the probability of (e, e) to zero would be equivalent to assuming that it is common knowledge that the AI is

restricted from choosing the aggressive action for both vehicles, which would presumable lead to an accident.

12



σdd = 1

σde = 1 σed = 1

σde =
1
2 σdd σed = 1

2 σdd

( 1
2 , 1

4 , 1
4 )

Figure 3: The set of CCE distributions (σdd, σde, σed) is represented by the darker-gray-shaded

area. The set of unambiguously compliant posteriors for player 1 is bounded by the blue line,

and for player 2 by the red line.

Thus, the set of CCE distributions is represented by the darker-gray-shaded area of the simplex

in Figure 3. The set of symmetric CCE with σde = σed lie on the dashed line bisecting the simplex

vertically, with the maximal symmetric payoff given by σ‚ = (σ‚
dd, σ‚

de, σ‚
ed) =

( 1
2 , 1

4 , 1
4

)
(the black

dot in Figure 3), and yielding an expected payoff of 5 1
4 to each driver. The set of expected payoffs

associated with all the CCE (σdd, σde, σed) characterized above are represented by the gray-shaded

area in Figure 4. In this figure, the set of expected payoffs attainable by any randomization over

action profiles is enclosed within the dashed lines, the NE payoffs are represented by the white-

filled dots, and the optimal symmetric CCE payoffs by the black dot.

The maximal symmetric payoffs that are attainable in this game are (6, 6), corresponding to

the action profile (d, d). The associated action distribution σ˚ = (σ˚
dd, σ˚

de, σ˚
ed) := (1, 0, 0) is not

unambiguously compliant, and since it is a vertex of the associated simplex, it also cannot be ex-

pressed as a convex combination that places positive probability on at least one unambiguously

compliant action distribution. However, for every ε P (0, 1), the vector

σε =


σε

dd

σε
de

σε
ed

 := (1 ´ ε)σ˚ + εσ‚ = (1 ´ ε)


1

0

0

+ ε


1
2
1
4
1
4

 =


1 ´ ε

2
ε
4
ε
4


is a convex combination of σ˚ and the optimal symmetric CCE distribution σ‚ =

( 1
2 , 1

4 , 1
4

)
,

and has expected payoffs that, for small ε, are arbitrarily close to (6, 6). We will show that

σ˚ = (1, 0, 0) can be approximately implemented in the sense that, for any ε P (0, 1), σε can be im-
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Figure 4: The set of payoffs for CCE (σdd, σde, σed) is represented by the gray-shaded area.

plemented through an ambiguous correlation device. Furthermore, the correlation device im-

plementing σε only requires a two-element set Q = tsq, rqu of action–signal distributions, where

both marginals of sq and rq over tdd, de, edu are equal to σε, so that there is no ambiguity regarding

the implemented distribution over action profiles in the associated DCE.

To construct Q, note first that since σε is a convex combination of σ˚ and σ‚, Lemma 3 shows

that there exists a simple action–signal distribution with prior σε and posteriors σ˚ and σ‚. We

can thus choose an abstract two-element signal space S = ts1, s2u, and replicate this simple

action-signal distribution twice, to get two distributions sq, rq P ∆ (tdd, de, edu ˆ ts1, s2u), with

sq(a, s) = σε(a)sπ(s|a) and rq(a, s) = σε(a)rπ(s|a),

and

sπ(s1|a) = rπ(s2|a) and sπ(s2|a) = rπ(s1|a) for all a P tdd, de, edu,

such that

sqs1 = rqs2 = σ˚ and sqs2 = rqs1 = σ‚.11

It follows that the belief sets ps1 and ps2 associated with the ambiguous correlation device Q =

tsq, rqu are both equal to ps1 = ps2 = tσ˚, σ‚u, so that s1 and s2 are synonyms. While we could

construct such signal spaces and beliefs separately and independently across the two players,

since the game is symmetric, it suffices to allow both players to observe the same ambiguous

11In this particular case, based on the formulas from Lemma 3, we just need to set sπ(s1|dd) = rπ(s2|dd) = 2´2ε
2´ε ,

sπ(s2|dd) = rπ(s1|dd) = ε
2´ε , sπ(s2|de) = rπ(s1|de) = 1, and sπ(s2|ed) = rπ(s1|ed) = 1.

14



signals s1 and s2 arising from Q. Since σ‚ is unambiguously compliant for each player, and

t[ps1] = t[ps2] = σ‚, Lemma 5 implies that both of these ambiguous signals are compliant for every

player, and therefore that Q implements σε. ◁

The derivation of the DCE xS, Qy in Example 2 illustrates a simple method that can be used

to construct an ambiguous correlation device that implements an action distribution unambigu-

ously: If, for a given prior σ (corresponding to σε in the example), there exists for each player, a

compliant set of posteriors so that σ is in the interior of the convex hull of every such set, Lemma

3 allows us to construct a simple action–signal distribution with each player’s signal space equal

to the player’s compliant set of posteriors, and prior given by σ.12 We can then choose one ab-

stract signal name for every posterior in the compliant set, and replicate the simple action–signal

distribution so that based on the associated conditional probabilities, each posterior is assigned

to every signal name across the replicated distributions, and thus, every signal name induces

the same compliant set of posteriors. This approach to constructing DCE can also be used to

generalize the result establishing the possibility of approximate implementation as seen in the

example.

Definition 3. An action distribution σ P ∆A is implemented by a DCE xS, Qy if σ = margA[q]

for every q P Q (hence, while the correlation device Q may be ambiguous, there is no ambiguity

regarding the action profile distribution σ induced by the DCE). An action distribution σ P ∆A

can be approximately implemented if for every ε ą 0, there exists a distribution σε P ∆A that lies

within an ε-neighborhood of σ, and which can be implemented by a DCE xSε, Qεy.

Proposition 6. Any distribution over action profiles that Pareto dominates a CCE can be approximately

implemented through a DCE. Specifically, suppose that σ is a CCE, and assume that σ˚ P ∆A satisfies

Eσ˚ [ui] ě Eσ[ui] for every i P N. Then, for any ε P (0, 1),

σε := (1 ´ ε)σ˚ + εσ

can be implemented through a DCE xS, Qy, such that

(i) Q is a two-element set Q = tsq, rqu, where margA[sq] = margA[rq] = σε, and

(ii) the signal space S is a two-element set S = ts1, s2u, with every player receiving the same signal

realization, and such that both signals yield identical belief sets ps1 = ps2 = tσ˚, σu.

12In the example, the same signals are used for both players due to symmetry, but the general approach, illustrated

in Example 3 below, allows distinct sets of posteriors across players, as long as the prior σ is in the interior of the

convex hull of every player’s posterior set.
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Figure 5: Payoffs in the dark-gray-shaded area can be implemented by a DCE.

Proposition 6 states that every action distribution that Pareto dominates a CCE distribu-

tion can be approximately implemented through a DCE. However, many such distributions can

themselves be expressed as a convex combination of a CCE distribution and a dominating distri-

bution, which implies that all such distributions will in fact be exactly implementable. Returning

to the game with two self-driving vehicles from Example 2, it follows that all payoff profiles in

the dark-gray shaded area of Figure 5, except for those on the (red lined) Pareto frontier, will be

exactly implementable.13

The ambiguous DCE constructed in Example 1 (the prisoner’s dilemma discussed in the

introduction) and Example 2 both involve weak preferences for compliance, such that the com-

pliance constraints (3) hold with equality in equilibrium. A key question is then whether this is

a feature of DCE, or whether it is just a property of the particular games or equilibria. We can

address this question based on the same two games: In Appendix A , we show that every com-

pliant belief set for the prisoner’s dilemma from Example 1 must be such that the compliance

constraints hold with equality, which implies that there can be no strict preference for compli-

ance in any associated DCE. Example 3 below then considers the drivers game from Example

2, and constructs a class of DCE that also approximate the payoffs (6, 6) as those from Example

2, but where the compliance constraints are satisfied with strict inequality. It follows that weak

13While the Pareto frontier can thus not be attained by any equilibrium, a society or group of players could aim

to select a correlation device that implements an approximating σε based on the smallest ε that is perceived by the

players as being probabilistically distinct from 0—an experimental analysis may be able to identify such a value ε.
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Figure 6: The set of action distributions that are implementable by the proposed DCE is repre-

sented by the interior of the intersection of the blue and red triangles.

preferences for compliance at equilibrium are not a feature of DCE, but that they may necessarily

arise in the context of certain games.

Example 3. Consider again the two drivers game from Example 2. We next show that the payoffs

(6, 6) associated with the action profile (d, d) can also be approximated using a DCE where com-

pliance is strictly preferred to revoking the delegation to the mediator for each signal a player

may receive. To construct such a DCE, consider, for players i P t1, 2u, the set of posteriors

tti1, ti2, ti3u given by

t11 = (1 ´ δ, δ, 0) , t12 =

(
1
2

,
1
4

,
1
4

)
, t13 =

(
0,

1
3

,
2
3

)
,

t21 = (1 ´ δ, 0, δ) , t22 =

(
1
2

,
1
4

,
1
4

)
, t23 =

(
0,

2
3

,
1
3

)
,

where δ ą 0 denotes a small strictly positive number, and the ordering of probability values in

each vector corresponds to (d, d), (d, e) and (e, d). Given the beliefs set tti1, ti2, ti3u for any player

i, the minimum on the LHS of the compliance conditions (3) is attained at ti2, with associated

expected payoff 5 1
4 , and the maxmin on the RHS of the compliance conditions is attained at ti3

for any ρi P ∆Ai, with associated expected payoff 4 2
3 . It follows that the compliance condition

holds strictly for the belief sets tti1, ti2, ti3u.

To construct a DCE that approximates the payoffs (6, 6), refer first to Figure 6, and note that

in this figure, the convex combinations of tti1, ti2, ti3u are enclosed by the blue triangle for driver

1, and by the red triangle for driver 2. As δ Ñ 0, the intersection of these triangles approaches

(1, 0, 0) arbitrarily closely, so that we can choose a point in the interior of this intersection that
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approximates (1, 0, 0) to any desired degree of precision. Denoting such a point by σ, this point

can be expressed as a convex combination of each player’s belief set tti1, ti2, ti3u, with strictly

positive weight for every respective distribution, so that we can apply Lemma 3 to construct

a simple action–signal distribution with prior σ and posteriors tti1, ti2, ti3u for any player i. By

specifying abstract individual signal spaces Si = ts1
i, s2

i , s3
i u for each player i P t1, 2u, we can

then replicate the simple action–signal distribution three times by cycling through the respective

conditional probabilities across the signal names s1
i, s2

i and s3
i , so that the induced beliefs sets are

equal across signals for each player, and given by ps1
i = ps2

i = ps3
i = tti1, ti2, ti3u. ◁

The approach used to construct the equilibrium from the previous example, which only re-

quires a collection of finite compliant belief sets as a starting point, without the need to specify

a priori signal spaces, can be generalized to derive a further characterization of action profile

distributions that can be implemented through DCE:

Proposition 7. For every i P N, let Ri Ă ∆A denote a finite set of action profile distributions such

that each Ri constitutes a compliant belief set for player i, and use rRi to denote the relative interior of the

convex hull of Ri. Then every σ P
Ş

iPN
rRi can be implemented through a DCE that requires |Ri| signal

realizations for each player i, and maxiPN |Ri| action–signal distributions.

4 Ambiguous correlated equilibrium

The results derived in the previous section show how introducing ambiguity into the correlation

devices previously associated with CCE can yield welfare-improving enlargements of the sets

of implementable action distributions. One drawback of the resulting notion of DCE is that it

requires the availability of a mediator who can implement the action choices recommended by

the correlation device. While this need not be a problem in certain strategic settings, it restricts

the applicability of DCE to situations where players may have an opportunity to coordinate

through some extraneous correlation device, but are not able to delegate their action choices to

such a mediator. We will next analyze whether the implementability results for DCE apply to

such environments, by introducing an extension of CE to settings with ambiguity averse players,

which we call an ambiguous correlated equilibrium (ACE).

Our approach to defining such ACE follows from a reinterpretation of CE as an unambigu-

ous DCE (uDCE) with an informative signal space, where, in addition, the set of feasible posteri-

ors induced by any signal realization is constrained to lie in some exogenously specified subset

of ∆A. In standard CE, signals implicitly (or explicitly for canonical CE) involve action recom-
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Figure 7: Constrained posteriors—blue for driver 1, red for driver 2.

mendations for each player, and hence, a player’s associated posteriors must place probability

one on the respective optimal actions of the player. Hence, we can view a CE as a uDCE where

the posteriors of a player are restricted to belong to the faces of the probability simplex ∆A that

assign probability one to this player’s actions. For such a uDCE, players can be entrusted to

choose their own equilibrium actions after having observed their respective signals, so delega-

tion of action choices to a mediator is not required.14

Example 4. As an illustration, consider again the drivers game from Example 2. Referring to

Figure 7, in a CE, any signal that recommends action d to player 1 must yield a posterior that

lies on the edge of the simplex that connects the points σdd = 1 and σde = 1. Similarly, keeping

the assumption that outcome (e, e) is assigned probability zero, any signal that recommends

action e to player 1 must yield a posterior that assigns probability one to (e, d). Hence, the set of

feasible posteriors for driver 1 is represented by the union of the blue line (connecting σdd = 1

and σde = 1) and blue dot (representing σed = 1). Analogously, the set of feasible posteriors for

driver 2 is represented by the union of the red line (connecting σdd = 1 and σed = 1) and red dot

(representing σde = 1).

Furthermore, the optimality of a recommended action in a CE is equivalent to compliance

of the associated posterior for the equivalent constrained uDCE, which restricts the set of poste-

riors that can be associated with a CE to the thick segments of the blue and red lines in Figure

7 (satisfying σde ě 1
2 σdd for driver 1, and σed ě 1

2 σdd for driver 2), in addition to the blue and

red dot, respectively. Following Proposition 4 and Lemma 3, an action distribution σ can then

14Note also that such a uDCE will be equivalent to a canonical CE, if for each action of a player, there is only one

signal that yields a posterior assigning probability one to this action.
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be implemented by a CE if and only if it is a convex combination of posteriors that are both

feasible and compliant for both players, which yields the same gray-shaded area of action dis-

tributions in the simplex that are also implementable by CCE (as expected, since CE and CCE

are equivalent for two-action games). ◁

Motivated by this example, we introduce a general definition of constrained DCE:

Definition 4. For a game Γ = (N, (Ai)iPN , (ui)iPN), let Tc
i Ă ∆A denote an exogenously given

set of feasible posterior beliefs for any player i P N. Then a DCE xS, Qy is a constrained DCE with

respect to the constraint sets (Tc
i )iPN , if psi Ă Tc

i for every player i P N and si P Si.15

For an unambiguous constrained DCE (i.e., a constrained uDCE), the requirement that psi Ă Tc
i

is equivalent to every posterior associated with a signal realization being an element of the

constraint set Tc
i . Hence, every such posterior must be both feasible, in the sense of lying in

Tc
i , and compliant, as an element of pTi. Proposition 4 and Lemma 3 then imply that an action

distribution σ is implementable as an constrained uDCE with constraint sets (Tc
i )iPN , if and only

if σ P
Ş

iPN conv
(

Tc
i X pTi

)
, where conv denotes the convex hull of the respective sets.16

Proposition 7 provided a convenient method to construct DCE that only requires a collection

of finite compliant belief sets as a starting point, without any need to specify a priori signal

spaces. The associated techniques to characterize DCE also allows us to derive a version of

Proposition 6 for constrained DCE, which follows below after an additional definition.

Definition 5. Let Tc
i Ă ∆A denote the set of feasible posterior beliefs of a player i, and let σ P ∆A.

Then a finite set sRi[σ] is a supporting set of σ for player i, if sRi[σ] Ă Tc
i and σ belongs to the relative

interior of the convex hull of sRi[σ].

Proposition 8. Given a game Γ = (N, (Ai)iPN , (ui)iPN), let Tc
i Ă ∆A denote the set of feasible posterior

beliefs for any player i P N. Suppose σ P
Ş

iPN conv(Tc
i X pTi) is an unambiguous constrained DCE, and

that σ˚ P ∆A satisfies Eσ˚ [ui] ě Eσ[ui] for every i P N. Then σ˚ can be approximately implemented

through an (ambiguous) constrained DCE if one of the following conditions is satisfied:

15While we introduce constrained DCE as a foundation for defining ambiguous CE, exogenous constraints on the

structure of the signal space could also arise from various technical or legal requirements that require players to be

provided with information of a certain kind, which one might envision to be the case in the context of self-driving

vehicles, or other situations where game play is mediated by a central AI system.
16Since the constraint sets Tc

i were defined independently of the sets pTi of unambiguously compliant posteriors,

their intersection may be empty, and hence a corresponding constrained uDCE need not exist. However, the same

argument that identifies
Ş

iPN conv
(

Tc
i X pTi

)
as the set of implementable action distributions, also implies that a

constrained uDCE exists if and only if
Ş

iPN conv
(

Tc
i X pTi

)
is non-empty.
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Figure 8: Constrained Pareto dominance.

(a) for each player i there exist supporting sets sRi[σ] and sRi[σ
˚] such that sRi[σ]Y sRi[σ

˚] is a compliant

belief set;

(b) σ˚ P
Ş

iPN Tc
i , so σ˚ is itself a feasible posterior for all players.

While in the unambiguous case, CE can equivalently be defined as an unambiguous con-

strained DCE where any player’s feasible posteriors assign probability one to the player’s own

actions, this characterization does not directly carry over to a definition of ambiguous CE. This

is a consequence of the fact that an ambiguous belief set based on such a constraint set may still

contain distinct posteriors that assign probability one to different actions of a player, and hence

such a belief set may not yield a unique action that the player can select by herself. The follow-

ing example illustrates how this issue may be resolved, and also shows how the previously used

construction of DCE may need to be adjusted as a result, so that not all signals can be synonyms.

Example 5. Consider a constrained version of the drivers game from Example 2, where every

feasible posterior of a player assigns probability one to an action of this player. If we define
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then, for each i P t1, 2u, the elements of Ri are feasible posteriors for player i, and Ri constitutes a

compliant belief set for i. Refer to Figure 8, and note that each point in the blue-hatched area can

be expressed as a convex combination of elements of R1, and that each point in the red-hatched

area can be expressed as a convex combination of elements of R2. Furthermore, points that lie in
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the red-hatched area but not in the blue-hatched area are constrained unambiguously compli-

ant for player 1, and points that lie in the blue-hatched area but not in the red-hatched area are

constrained unambiguously compliant for player 2. It then follows from Proposition 7 or Propo-

sition 8 that all points in the relative interior of the union of the blue-hatched and red-hatched

areas are implementable by a constrained DCE, which implies that all action distributions that

Pareto dominate a CCE can be approximately implemented through such a constrained DCE.

Even though the individual posteriors associated with the constrained DCE described above

assign probability one to a particular action of each player, the resulting belief sets R1 and R2

each contain some posteriors that assign probability one to d, and others that assign probability

one to e, and therefore, the resulting DCE still require delegation to a mediator. However, we can

easily amend the construction of these DCE to show that the same action distributions can also

be implemented based on constrained DCE that do not require delegation. To see this, consider

any σ P ∆A that also lies in rR1 (the relative interior of the convex hull of R1), and let S1 =

tsd
1, sd˚

1 , se
1u denote a set of signal names for player 1. Following Lemma 3, we can construct

conditional probabilities sπ(¨|a) and rπ(¨|a) over S1 so that

sq(a, s1) = σ(a)sπ(s1|a) and rq(a, s1) = σ(a)rπ(s1|a),

and the belief sets derived from Q = tsq, rqu for the signals in S1 are

psd
1 = psd˚

1 =

"

(1, 0, 0),
(

2
3

,
1
3

, 0
)*

and pse
1 = t(0, 0, 1)u.

Each of these belief sets are compliant, and the corresponding posteriors assign probability one

to the same action of player 1, so the player can be entrusted to choose her own action after

being informed of the respective signal realization, and therefore delegation to the mediator

is not required. Analogously, we can define a signal space S2 = tsd
2, sd˚

2 , se
2u for player 2 that

generates belief sets

psd
2 = psd˚

2 =

"

(1, 0, 0),
(

2
3

, 0,
1
3

)*
and pse

2 = t(0, 1, 0)u

for any prior σ P rR2. It follows that every action distribution that lies in the relative interior of

the union of the blue-hatched and red-hatched areas in Figure 8 can be implemented based on a

DCE where players are allowed to choose their own actions, as recommended by their posterior

belief sets.

The DCE described above are constructed so that the convex combinations of the associated

posteriors (the union of the blue-hatched and red-hatched areas) exactly generate the action

distributions that Pareto dominate the set of CCE/uDCE. A simpler class of constrained DCE
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can however be derived by analogously assigning to the signals sd
1, sd˚

1 and se
1 of player 1 the

belief sets

psd
1 = psd˚

1 = t(1, 0, 0), (0, 1, 0)u and pse
1 = t(0, 0, 1)u,

and to the signals sd
2, sd˚

2 and se
2 of player 2, the belief sets

psd
2 = psd˚

2 = t(1, 0, 0), (0, 0, 1)u and pse
2 = t(0, 1, 0)u.

Since (0, 1, 0) is unambiguously compliant for player 1, and (0, 0, 1) is unambiguously com-

pliant for player 2, these belief sets are compliant, and the respective posteriors span the full

simplex for both players, so every action distribution in the interior of the simplex can be im-

plemented by appropriately choosing the conditional probabilities defining the corresponding

action–signal distributions sq and rq. The resulting DCE are especially appealing with regard to

the interpretation of the game as capturing the interaction between two drivers—when a driver

i P t1, 2u receives signals sd
i or sd˚

i , she is instructed to choose action d, i.e., drive defensively,

and only knows that her opponent chooses either d or e with probability one. The resulting

ambiguity then implies that i’s belief sets psd
i or psd˚

i are compliant, so that i optimally selects the

recommended action d. Similarly, if i receives the signal se
i , she knows that her opponent plays

d for sure, so that the recommended action e is again optimal. ◁

The construction in the example of constrained DCE that are not reliant on delegation, and

where players can be entrusted to choose their own actions, as in standard CE, motivates the

following definition:

Definition 6. An ambiguous correlated equilibrium (ACE) of a game Γ = (N, (Ai)iPN , (ui)iPN) is a

constrained DCE xS, Qy with constraint sets (Tc
i )iPN , such that

(i) for every ti P Tc
i , there exists an action ai P Ai so that margAi

[ti] = δai , where δai P ∆Ai

denotes the degenerate probability distribution that assigns probability one to ai, and

(ii) for every si P Si and ti, t1
i P psi, margAi

[ti] = margAi
[t1

i].

The discussion from Example 5 shows that the conclusion of Propositions 6 and 8 holds for

the drivers game even when the solution concept is restricted to ACE, i.e., every action distri-

bution that Pareto dominates a CE can also be approximated through an ACE. However, if we

consider the prisoner’s dilemma from Example 1, it is easy to see that any (potentially ambigu-

ous) belief set of a player that places probability one on the player’s cooperative action c will

yield a best response to play d, and therefore that this result does not hold in general across all

23



games. The following characterization of action distributions that can be implemented by an

ACE, can be used to determine whether an action distribution that dominates a CE is imple-

mentable for a particular game:

Proposition 9. For any action distribution σ P ∆A and i P N, let Aσ
i denote the set of ai P Ai such

that margAi
[σ](ai) ą 0. Then σ can be (unambiguously) implemented by an ambiguous correlated

equilibrium if and only if for every i P N, σ has a supporting set sRi[σ], such that

(i) there exists a partition tsRai uaiPAσ
i

of sRi[σ] satisfying margAi
[ti] = δai for every ti P sRai , and

(ii) sRai is a compliant belief set for every ai P Aσ
i .

The characterization from Proposition 9 also applies in a setting where every posterior be-

longing to a belief set sRai is a degenerate distribution δa P ∆A, which assigns probability one to

an action profile a whose i-th coordinate is equal to ai, as in the last class of constrained DCE

described in Example 5.

An alternative approach to introduce ambiguity to CE would have been to extend the canon-

ical CE and define an ambiguous version as a set of distributions over action profiles, so that

each signal of a player informs the player of her recommended action according to the distribu-

tions from this set. Such an equilibrium would still be an ACE according to our definition, but

would yield a strictly smaller set of equilibria, as it would only be able to introduce ambiguity

through a non-singleton set of action distributions, in contrast to ACE which allows ambigu-

ity to be introduced via signals, while keeping the associated distribution over action profiles

unambiguous.

5 Discussion

5.1 Welfare

In the statements of Proposition 6 and Proposition 8, we compared action distributions using

Pareto dominance with respect to associated expected payoffs. This approach follows the con-

vention in the literature on correlated equilibrium, where player welfare induced by a CE σ P ∆A

is defined by the expected utility induced by σ,

Ui(σ) := Eσ[ui] =
ÿ

aPA

ui(a)σ(a).

Since our definition of implementation of an action distribution by an (ambiguous) DCE re-

quired the induced action distribution to be unambiguous, these expected utilities do not neces-

sitate a representation of the players’ ambiguity-sensitive preferences. However, given that our
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model also involves an interim stage after players observe their signals associated with a DCE,

the above expression for expected utility in fact corresponds to an ex-ante evaluation of player

welfare, before players observe their respective signals.

One way to motivate such an ex-ante approach to welfare is to consider the perspective of a

social planner, who aims to implement a regulatory framework for the interactions modeled by

the game that, in equilibrium, yields an ex-ante Pareto efficient outcome. If such a social plan-

ner is not concerned by the players’ interim expected payoffs (which would generally be lower

than their ex-ante payoffs, as a result of the ambiguity they face after observing potentially am-

biguous signals), and only worries about the payoffs associated with the (unambiguous) imple-

mented action distribution, then the social planner would choose a regulatory framework/game

structure that has the potential to attain the Pareto dominating DCE described in Propositions 6

and 8.

From the point of view of the players, the comparison of equilibria based on the expected

payoffs Ui(σ) induced by the associated action distributions requires players to evaluate equilib-

ria from an ex-ante perspective. It is well-known that ambiguity averse players are generally not

dynamically consistent (see, for example, Siniscalchi, 2011, for a recent discussion and analysis).

However, if players have to decide on the type of strategic interaction they would like to partici-

pate in before observing any potential signals, the ex-ante perspective is appropriate, and would

be equivalent to the standard consistent planning approach to analyzing dynamic decisions pro-

posed by Strotz (1955–1956), and justified axiomatically in Siniscalchi (2011). For example, in

a self-driving car setting, a driver may need to decide before venturing on the road whether

to use an AI-equipped car that has the ability to engage in correlated play when encountering

other self-driving cars, or whether to use a regular car that does not have the ability to employ

ambiguous correlation. Since this decision would need to be made before any signals associated

with a DCE are observed, the ex-ante point of view is justified by consistent planning, and our

results would imply that such a driver would choose to use the AI-equipped car as long as there

is a possibility to encounter other cars that are similarly equipped to play the Pareto dominating

DCE.

An alternative method that avoids the lower interim payoffs associated with ambiguous sig-

nals, is to extend the game under consideration by adding an additional stage that provides

an option to each player to query the delegation first. Figure 9 illustrates the timeline of such

an extended game from the perspective of player i while suppressing the decisions of i’s oppo-

nents, assuming that the associated correlation device constitutes a DCE, so that as part of an

appropriate extension of the definition of DCE to the resulting extensive game form, player i can
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q P Q selected by device

(s, a) P S ˆ A selected according to q

Don’t query delegation Query delegation

si revealed to player i

Revoke delegation

and select ρ P ∆(Ai)
Don’t revoke delegation

a implemented

a implemented(ai, a´i) implemented

with probability ρ(a1
i)

Figure 9: Timeline from perspective of player i of a delegated correlation device with the addi-

tion of the option to first query the delegation.

expect all players other than herself to be compliant (either by not querying the delegation, or

by not revoking it should they choose to query). Notice that player i observes the realization si

of the ambiguous signal generated by the delegated correlated device only should she choose to

exercise her option to query the delegation. The conditions that characterize a DCE would then

imply that each player would optimally choose not to query the delegation which would result

in the action distribution recommended by the correlation device being played, and the players

only having to evaluate the DCE based on the associated ex-ante payoffs. For example, in such

an extension of the two drivers game from Example 2, when the AI driving system detected the

AI system of another self-driving car, the driver would first be given the option to query the AI’s

delegation of handling the interaction with the other self-driving car. Only if the driver chose

to query the delegation would the AI system reveal to the driver her (ambiguous) signal. But

anticipating that her ambiguous signal is part of a DCE, the driver would strictly prefer not to

query the delegation, thus leaving the interaction to be handled by the AI systems of the two

cars.

Finally, note also that even though our notion of implementation for action distributions

requires equilibrium ambiguity to be restricted to signals, and our main results seem to suggest

that it is sufficient to focus the analysis of most games to such DCE with unambiguous action
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distributions, for a general DCE xS, Qy, an appropriate welfare measure would need to take into

account that individual distributions in Q could yield distinct action distributions. To define a

corresponding notion of player welfare, let σq P ∆A denote the marginal of any q P Q on A. The

(ex-ante) individual welfare of player i associated with xS, Qy could then be defined by

Ui(Q) := min
qPQ

Eσq [ui] = min
qPQ

ÿ

aPA

ui(a)σq(a),

and from a social point of view, different equilibria could be ranked based on a Pareto criterion

associated with the equilibrium values for Ui(Q), or a social welfare function that aggregates

the players’ individual ex-ante welfare.

5.2 Robustness to alternative preference specifications

While our analysis so far has assumed that players possess maxmin preferences based on the

full set of posteriors induced by the correlation devices that define an equilibrium, the equilib-

rium notions we proposed can easily be adapted to alternative preference specifications, and

furthermore, the results we derived may still hold, depending on the games under considera-

tion. If we instead assume that players’ preferences have an α-maxmin (Jaffray, 1989; Gul and

Pesendorfer, 2015) or smooth ambiguity aversion (Klibanoff et al., 2005) representation, a DCE can

still be defined by a correlation device xS, Qy, consisting of a signal space S = ˆiPNSi and a set

of action–signal distributions Q Ă ∆(A ˆ S), together with appropriately adjusted compliance

conditions. Moreover, since the additional constraints introduced to define ACE do not depend

on a specific preference representation, they carry over unchanged to the α-maxmin and smooth

models.

For any posterior belief set psi Ă ∆A of player i arising from a correlation device xS, Qy based

on full Bayesian updating, the associated compliance condition with α-maxmin preferences is

given by

αi min
tiPpsi

ÿ

aPA

ui(a)ti(a) + (1 ´ αi)max
tiPpsi

ÿ

aPA

ui(a)ti(a)

ě max
ρiP∆Ai

$

&

%

αi min
tiPpsi

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)t̃i(a´i) + (1 ´ αi)max
tiPpsi

ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)t̃i(a´i)

,

.

-

,

where αi P [0, 1] is player i’s Hurwicz pessimism/optimism index that measures the player’s

attitude towards ambiguity, and t̃i(a´i) := margA´i
[ti](a´i) =

ř

aiPAi
ti(ai, a´i). Similarly, the
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compliance condition for smooth preferences is given by

ÿ

tiPpsi

µsi(ti)ϕi

(
ÿ

aPA

ui(a)ti(a)

)
ě max

ρiP∆Ai

$

&

%

ÿ

tiPpsi

µsi(ti)ϕi

 ÿ

(a1
i , a´i)PA

ui(a1
i, a´i)ρi(a1

i)t̃i(a´i)

,

.

-

,

where µsi P ∆(psi) measures player i’s subjective assessment of the likelihood of the possible

posteriors induced by the signal realization si, and ϕi : R Ñ R is a continuous and strictly

increasing function that captures the player’s attitude towards ambiguity.17

It is easy to see that any DCE that involves strict preferences for compliance must be lo-

cally robust with respect to α-maxmin preferences, in the sense that the associated belief sets

will still be compliant for sufficiently large values of αi. Returning to the prisoner’s dilemma

and the drivers game examples, also shows that the strong implementability results we derived

previously for DCE and ACE, can still hold for α-maxmin and smooth preferences. While the

sufficient condition for compliance of a belief set from Lemma 5 requires maxmin preferences,

Proposition 7 still applies with α-maxmin or smooth preferences, so that constructing a DCE just

requires a judicious selection of appropriate belief sets that are compliant with respect to the

given preference specifications. In particular, the two examples presented in Appendix B show

that for the prisoner’s dilemma and the drivers game, all the action distributions that are imple-

mentable by DCE following Proposition 6, are also implementable with α-maxmin preferences,

for any values of αi P (0, 1). Furthermore, there exists a large class of parametric specifica-

tions of the smooth preference model for which similar implementability properties hold for the

drivers game. On the other hand, ACE does impose some restrictions on implementability for

the drivers game, either with respect to the specifications of the alternative preference models,

or the set of implementable action distributions (i.e., all the action distributions that dominate

a CCE can only be approximately implemented via ACE with α-maxmin preferences if each

αi ě 1
3 , and for αi ă 1

3 , the set of ACE-implementable distributions converges to the set of CCE

as all αi Ñ 0).

Our initial model based on maxmin preferences, as well as the extensions to α-maxmin and

smooth preferences we discussed above, assume that the players’ expected payoffs are com-

puted based on the exact “objective” posterior belief sets derived from the correlation device us-

17Specifying the subjective beliefs µsi separately for each si allows for these beliefs to be derived from an initial

subjective distribution over Q, but also for the possibility that µsi depends only on the posterior belief set induced

by si, so that synonyms yield identical subjective beliefs. Note also that while ϕi, and analogously αi for the case of

α-maxmin preferences, can be viewed as exogenous to a specific equilibrium played, the subjective beliefs µsi would

arise as a consequence of the correlation device that defines an equilibrium, and could therefore be viewed as an

integral component of the associated equilibrium.
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ing full Bayesian updating. Gajdos et al. (2008) propose an alternative axiomatic representation

of maxmin preferences based on an objectively given set of beliefs, but where the corresponding

maxmin expected payoffs are computed with respect to a selection from the given objective be-

lief set. Their model is ideally suited to our setting, as we can interpret a posterior belief set psi

that is induced by a given signal realization si as objectively given, and consider players who

compute their maxmin expected payoffs based on a selection φi(psi) Ă psi, so that the (subjective)

operator φi can be viewed as embodying player i’s attitude towards ambiguity. As a specific

functional form, Gajdos et al. (2008) propose that the operator φi may “shrink” the given objec-

tive belief sets psi towards a reference distribution, which, in our setting, could be the prior σ.

Since the resulting preference representation still has a maxmin form, but now with respect to

the subjective belief sets φi(psi), Lemma 5 still applies, so that the question of implementability

now just depends on how “large” the objective posterior sets psi can be constructed so that their

shrunken versions φi(psi) remain compliant.

6 Related literature

6.1 Ellsberg equilibrium

In the ambiguous case, the notion of DCE can be viewed as a correlated version of the Ellsberg

equilibrium proposed by Riedel and Sass (2014). Riedel and Sass (2014) study a novel class of

normal-form games, termed Ellsberg games, in which ambiguity averse players are allowed to

choose their actions based on independent ambiguous randomization devices. Thus, in contrast

to the standard theory where a player’s strategy set is given by the set of probability distribu-

tions over her action set, in an Ellsberg game a player’s strategy set can be modeled as the set

of all non-empty sets of distributions over actions. Assuming that players’ preferences can be

represented by maxmin expected utility, Riedel and Sass (2014) characterize the resulting set of

Ellsberg equilibria, and show that they can yield interesting predictions that are distinct from

those associated with Nash equilibrium.

6.2 Ambiguity in information and mechanism design

There is now a growing literature showing that ambiguity can be beneficial in information de-

sign problems with ambiguity averse agents. Kellner and Le Quement (2017, 2018) demonstrate

this in the context of cheap talk games (which differ from the sender-receiver games from the

Bayesian persuasion literature in that the sender is not assumed to be able to commit to a com-
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munication device). Somewhat closer to our paper, Beauchêne et al. (2019) introduce the possi-

bility of ambiguous, that is, set-valued communication devices into the classic sender-receiver

game with a single receiver of Kamenica and Gentzkow (2011). As for the ambiguous correla-

tion devices we consider, their set-valued communication devices result in a set of probabilistic

posterior beliefs (over states of the world) that are derived based on full Bayesian updating,

and are thus analogous to the ambiguous belief sets over action profiles in our framework.

Beauchêne et al. (2019) also construct ambiguous communication devices where distinct sig-

nals are synonyms in the sense that they are associated with identical belief sets, which, while

yielding similar features as the ambiguous correlation devices used for the proof of our Proposi-

tion 6, rely on a different construction necessitated by the alternative space of uncertainty of the

sender-receiver game, and by the fact that the receiver must be induced to choose appropriate

actions after receiving the signals, whereas for DCE players must only be prevented from revok-

ing their delegation to the mediator. Given that the sender in a persuasion game aims to design

a communication device that maximizes her own payoffs, Beauchêne et al. (2019) also show that

any sender payoff that is attained by an ambiguous communication device, can also be attained

by one that only contains two elements, analogous to the two-element correlation devices from

Proposition 6.

The endogenous introduction of ambiguity through a mechanism designer can also be ad-

vantageous in standard mechanism design environments.18 Di Tillio et al. (2017) allow the seller

in a classic screening model to employ ambiguous, set-valued mechanisms, and show that such

a seller can attain higher expected payoffs based on mechanisms that are ambiguous in both the

allocation and transfer rule. Their results also extend to independent private values auctions

when valuations are drawn from an atomless distribution. Guo (2019) shows that first-best sur-

plus extraction and interim individually rational and ex-post budget balanced implementation

can be guaranteed through mechanisms that are only ambiguous in the transfer rules, as long as

distinct payoff-relevant types of agents are always assumed to have distinct beliefs.

An interesting paper that, in a certain sense, combines both mechanism and information

design, is Bose and Renou (2014), which considers a classic social choice setting, and allows the

mechanism designer to endogenously introduce ambiguous beliefs of agents regarding other

agents’ types through the use of a dynamic mediated communication game that precedes the

play of the actual, unambiguous, allocation mechanism. Bose and Renou (2014) show that if

18An alternative literature considers mechanism design problems where ambiguity of agents’ beliefs regarding the

state of the world and other agents’ types is assumed exogenously. See, for example, Bose et al. (2006), Bose and

Daripa (2009), Bodoh-Creed (2012), De Castro et al. (2017) or De Castro and Yannelis (2018).
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agents are ambiguity averse and update their beliefs using the the full Bayesian updating rule,

then social choice functions that are not implementable based on unambiguous prior beliefs,

may be implementable after agents’ beliefs are appropriately manipulated using an ambiguous

communication game. This approach to generating ambiguous beliefs through communication

is analogous to our method of introducing ambiguous beliefs regarding the action profiles that

are implemented by a mediator, through an ambiguous correlation device. The objective in both

cases is to induce a certain type of behavior through engineering appropriate ambiguous beliefs

under which this behavior is optimal. In our games, delegation plays a crucial role, signals and

the resulting beliefs are induced simultaneously with the draw of the action profiles, and the role

of the ambiguity in beliefs is to prevent players from revoking their delegation to the mediator.

In Bose and Renou (2014), the uncertainty is over the agents’ privately-known payoff-relevant

types, and the role of the players’ ambiguous beliefs regarding other players’ types is to induce

them to truthfully reveal their own payoff-relevant types, in order to enable the implementation

of the given social choice function.

Introducing ambiguous communication can also be beneficial in mechanism design prob-

lems that allow for certifiable information, as demonstrated by Ayouni and Koessler (2017).

Their paper proposes a model where the mechanism designer has the option of requesting infor-

mation certification by an agent based on an ambiguous strategy, and shows that the resulting

ambiguous communication device eliminates the effect of restrictions on the amount of infor-

mation that can be certified, in the sense that any allocation rule that is implementable with no

limits on certification, is also implementable with limited certification and an ambiguous com-

munication strategy.

6.3 The price of anarchy and related welfare comparisons

The computer science literature has proposed, and extensively analyzed a number of “ineffi-

ciency measures” that compare welfare outcomes arising from equilibrium solution concepts in

strategic games, to maximal welfare levels that are attainable in such settings when outcomes

can be chosen dictatorially without taking into account the strategic nature of the problems. The

main objective of this analysis is to establish upper bounds on the ratios of certain equilibrium

welfare and maximal welfare levels, which can then be interpreted as bounding the inefficiency

arising from “selfish” equilibrium behavior.19 Various equilibrium solution concepts and selec-

19An introduction to this approach of quantifying the inefficiency of equilibria is presented in Roughgarden and

Tardos (2007).
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tion methods from the associated equilibrium sets have been considered in this context. The

first such measure, proposed by Koutsoupias and Papadimitriou (1999) and currently known as

the price of anarchy, considers the ratio of the maximal overall welfare and the minimal welfare

across the set of pure strategy Nash equilibria (the inverse of this ratio is used when the objec-

tive is cost minimisation). Roughgarden (2015) extends the analysis of the price of anarchy to

Nash equilibrium in mixed strategies, CE and CCE. An analogous measure that compares max-

imal overall welfare levels with maximal equilibrium welfare levels is the price of stability when

computed with respect to Nash equilibria, or the enforcement value when computed with respect

to CE.20 Within this literature, congestion games provide a key application for which various

inefficiency bounds have been characterized.

The principal connection to the analysis of DCE and ACE follows from the fact that DCE,

and for some games also ACE, allow the approximate implementation of all action distributions

that Pareto dominate CE and CCE outcomes in a game, and do so without introducing any am-

biguity over the induced equilibrium action distributions. As a consequence, when dealing with

ambiguity averse players, we can reinterpret the maximal overall welfare levels from the price

of anarchy literature as maximal DCE/ACE welfare levels, so that the associated bounds on the

inefficiency of equilibria can now equivalently be viewed as measuring the benefits arising from

the ability to use ambiguous correlation devices and delegate to a mediator for DCE, or just the

benefit of ambiguous correlation for ACE.

A Proofs

Proof of Lemma 1. For each player i, define a mapping τi : Si Ñ ∆A by τi(si) := qsi , and let

Ti := τi(Si) Ă ∆A and T := ˆiTi. Defining a probability distribution p̃ P ∆(A ˆ T1 ˆ ¨ ¨ ¨ ˆ Tn) by

p̃ := q ˝ (id, τ´1
1 , . . . , τ´1

n ),

where id denotes the identity function with domain A, then yields ti = p̃ti for every ti P Ti.

Clearly, if σ is the prior/marginal over A associated with q, it must also be the prior for p̃, and

we can write p̃(a, t) = σ(a)π̃(t|a). If we then set

πi(ti|a) := π̃(ti|a) =
ÿ

t´iPT´i

π̃(ti, t´i|a),

and define a probability distribution p P ∆(A ˆ T) by

p(a, t) := σ(a)
ź

iPN

πi(ti|a),

20See Ashlagi et al. (2008) for appropriate references, as well as an analysis of the value of correlation in CE.
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it follows that p̃ti = pti , and therefore pti = ti. Furthermore, the distributions over signals

corresponding to p are independent conditional on a, and thus p satisfies all the properties stated

in the lemma.

Proof of Lemma 2. For every a P A,

σ(a) = σ(a)
ÿ

tiPsupp(πi)

πi(ti|a) =
ÿ

tiPsupp(πi)

σ(a)πi(ti|a)

=
ÿ

tiPsupp(πi)

[
ÿ

a1PA

σ(a1)πi(ti|a1)

]
σ(a)πi(ti|a)

ř

a1PA σ(a1)πi(ti|a1)

=
ÿ

tiPsupp(πi)

[
ÿ

a1PA

σ(a1)πi(ti|a1)

]
ti(a).

Hence, if we define γi(ti) :=
ř

a1PA σ(a1)πi(ti|a1), then
ÿ

tiPsupp(πi)

γi(ti) =
ÿ

a1PA

σ(a1)
ÿ

tiPsupp(πi)

πi(ti|a1) = 1,

and σ =
ř

tiPsupp(πi)
γi(ti)ti.

Proof of Lemma 3. If σ(a) = 0 for some a P A, the assumption that all γk
i ą 0 implies that tk

i (a) = 0

for all k, and hence, we can choose any arbitrary conditional distribution πi(¨|a). For a P A with

σ(a) ą 0, define

πi(tk
i |a) :=

γk
i tk

i (a)
σ(a)

.

Clearly, πi(tk
i |a) ě 0, and furthermore, since σ(a) =

řm
k=1 γk

i tk
i (a) for all a, πi(tk

i |a) ď 1, and
m
ÿ

k=1

πi(tk
i |a) =

1
σ(a)

m
ÿ

k=1

γk
i tk

i (a) = 1.

To prove the last property, note that, by definition,

tk
i (a) =

σ(a)πi(tk
i |a)

γk
i

,

and
ÿ

a1PA

σ(a1)πi(tk
i |a1) =

ÿ

a1PA

σ(a1)
γk

i tk
i (a1)

σ(a1)
= γk

i .

Proof of Proposition 6. Since σε is a convex combination of σ˚ and σ, we can apply Lemma 3 to

define

sπ(s1|a) = rπ(s2|a) =
(1 ´ ε)σ˚(a)

σε(a)
,

sπ(s2|a) = rπ(s1|a) =
εσ(a)
σε(a)

,
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and construct distributions sq, rq P ∆(A ˆ S) by setting

sq(a, s1) = σε(a)sπ(s1|a) = σε(a)
(1 ´ ε)σ˚(a)

σε(a)
= (1 ´ ε)σ˚(a),

sq(a, s2) = σε(a)sπ(s2|a) = σε(a)
εσ(a)
σε(a)

= εσ(a),

rq(a, s1) = σε(a)rπ(s1|a) = σε(a)
εσ(a)
σε(a)

= εσ(a),

rq(a, s2) = σε(a)rπ(s2|a) = σε(a)
(1 ´ ε)σ˚(a)

σε(a)
= (1 ´ ε)σ˚(a).

By construction, we have ps1 = ps2 = tσ˚, σu, and since ti[ps1] = ti[ps2] = σ, it follows from Lemma

5 that both signal realizations yield compliant belief sets for all n players. Hence, the defined

xS, Qy constitutes a DCE.

Proof that strict preferences for compliance are not possible in the prisoner’s dilemma. Consider the pris-

oner’s dilemma depicted in Figure 1, and let ps1 denote a compliant belief set for player 1.21 For

any t1 = (t11, t12, t13, t14) P ps1, assume that the coordinates of t1 show the respective probabilities

of the four action profiles clockwise, starting with (c, c). For any mixed strategy ρ1 P ∆tc, du of

player 1, the minimum on the RHS of the compliance condition (3) is attained at an element of

ps1 that maximizes the marginal probability of player 2 choosing d, i.e., letting t̃1 P ps1 denote such

a minimizer, we must have

t̃12 + t̃13 ě t12 + t13, for all t1 P ps1.

Note also that the maximum on the RHS of condition (3) will always be attained by the mixed

strategy ρ1 that assigns probability 1 to d.

Now let t1 := t1[ps1] (with some abuse of notation). Then there are two possibilities, either

t1 = t̃1, or t1 ‰ t̃1. If t1 = t̃1, the assumption that ps1 is compliant yields

3t̃11 + 0t̃12 + 1t̃13 + 4t̃14 ě 4(t̃11 + t̃14) + 1(t̃12 + t̃13),

which implies that t̃11 = t̃12 = 0, and therefore that the above inequality holds with equality. If

t1 ‰ t̃1, then

3t̃11 + 0t̃12 + 1t̃13 + 4t̃14 ě 3t11 + 0t12 + 1t13 + 4t14 ě 4(t̃11 + t̃14) + 1(t̃12 + t̃13),

where the first inequality follows from the definition of t1, and the second from compliance. As

before, this implies that t̃11 = t̃12 = 0, and thus that both of these inequalities must hold with

equality.
21Using symmetry, an analogous argument applies for player 2.
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Proof of Proposition 7. Consider any σ P
Ş

iPN
rRi. Then for every i P N, σ can be expressed as

a convex combination of elements of Ri, such that each element has strictly positive weight.

Following Lemma 3, there exists a simple action–signal distribution with prior σ and posteriors

Ri. Thus, we can choose |Ri| signals names si for every i, and replicate the simple action–signal

distribution maxiPN |Ri| times, so that the signal names are cycled through to get psi = Ri for

every si.

Proof of Proposition 8. Assume condition (a) holds. Then since sRi[σ] is a supporting set of σ, and
sRi[σ

˚] a supporting set of σ˚, every (1 ´ ε)σ˚ + εσ for ε P (0, 1) belongs to the relative interior of

the convex hull of sRi[σ] Y sRi[σ
˚]. As this holds for every player i P N, Proposition 7 implies that

there exist implementable action distributions that are arbitrarily close to σ˚.

To show that condition (b) also yields the stated result, we show that (b) implies (a). Since

σ is assumed to be an unambiguous constrained DCE, there exist supporting sets sRi[σ] of σ for

every player i P N. Given that σ˚ Pareto dominates σ, Lemma 5 implies that each sRi[σ] Y tσ˚u

is a compliant belief set for player i, and thus (a) holds.

Proof of Proposition 9. As in the proof of Proposition 7, if sRi[σ] is a supporting set that satisfies the

given properties, we can construct a signal space for each i P N, such that every sRai for ai P Aσ
i

is the belief set associated with one specific signal realization. The proof then follows directly

from the definition of an ambiguous correlated equilibrium as a constrained DCE.

For the converse, consider the belief sets associated with all signal realizations that recom-

mend a fixed action ai P Ai as part of the given ACE, and note that the union of any resulting

compliant belief sets is also compliant, so that all such signal realizations can be combined into

one yielding a belief set sRai .

B Examples of robustness to alternative preference specifications

Example 6 (Robustness in the prisoner’s dilemma). Consider again the prisoner’s dilemma from

Example 1. It is easy to see that if αi ă 1, then the DCE we initially constructed in the example

is not compliant for α-maxmin preferences, which also illustrates that Lemma 5 cannot hold. To

construct a class of DCE with α-maxmin preferences that approximately implements all action

distributions that Pareto dominate the CCE (d, d), let δa1a2 denote the degenerate action distri-

bution that assigns probability one to (a1, a2), where a1, a2 P tc, du, and set

τ1 :=
1
3

δcc +
2
3

δcd, and τ2 :=
1
3

δcc +
2
3

δdc,
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so that τ1 and τ2 yield the expected payoff profiles
(
1, 11

3

)
and

( 11
3 , 1

)
, respectively. If we then

define

R1 := tδdc, δcc, τ1, δddu, and R2 := tδcd, δcc, τ2, δddu,

then each Ri is compliant for player i for every αi P [0, 1], with associated compliance condition

αi1 + (1 ´ αi)4 ě αi1 + (1 ´ αi)4.

The approach to constructing DCE characterized in Proposition 7, with all of a player’s signal

realizations as synonyms, then shows that every σ P rR1 X rR2, i.e., every σ that lies in the inter-

section of the relative interiors of the convex hulls of R1 and R2, can be implemented by a DCE,

which implies that every action distribution that Pareto dominates the CCE (d, d) is approxi-

mately implementable with α-maxmin preferences, irrespective of the values of αi.

If we instead assume that players have smooth preference representations, then the compli-

ance condition for player 1 associated with the posterior belief set R1 becomes

µs1(δdc)ϕ1(4) + µs1(δcc)ϕ1(3) + µs1(τ1)ϕ1(1) + µs1(δdd)ϕ1(1)

ě µs1(δdc)ϕ1(4) + µs1(δcc)ϕ1(4) + µs1(τ1)ϕ1(2) + µs1(δdd)ϕ1(1),

which is not satisfied for a strictly increasing ϕ1 if we assume that µs1 has full support on R1,

so the DCE we derived above for α-maxmin preferences do not yield equilibria with smooth

preferences. This observation is quite general for the prisoner’s dilemma—if we make a full

support assumption for the subjective beliefs µsi , no action distribution that Pareto dominates

the CCE (d, d) can be implemented with smooth preferences.

Concluding this example, note also that the CCE (d, d) is also the unique ACE with α-

maxmin or smooth preferences, following the same reasoning as for maxmin preferences. ◁

Example 7 (Robustness in the drivers game). Considering the drivers game from Example 2,

it is straightforward to check that the DCE constructed in the example is not compliant with

α-maxmin preferences if αi ă 1, or with smooth preferences if any associated subjective beliefs

have full support. We start by showing that all action distributions that Pareto dominate the

equal mixture of (e, d) and (d, e), i.e., the distribution that results in the worst symmetric CCE

payoff in Figure 4, can be approximately implemented with α-maxmin or smooth preferences.

To construct the associated belief sets, let δa1a2 again denote the degenerate action distribution

that assigns probability one to (a1, a2), where a1, a2 P td, eu, and set

κ :=
1
2

δed +
1
2

δde, τ1 :=
5
8

δdd +
3
8

δde, and τ2 :=
5
8

δdd +
3
8

δed,
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so that the expected payoff profiles associated with κ, τ1 and τ2 are (4.5, 4.5),
(
4.5, 51

8

)
and( 51

8 , 4.5
)
, respectively. If we define

R1 := tδed, δdd, τ1, κu, and R2 := tδde, δdd, τ2, κu,

the compliance condition for the posterior set R1 based on α-maxmin preferences becomes

α14.5 + (1 ´ α1)7 ě α1[p3.5 + (1 ´ p)4] + (1 ´ α1)[p7 + (1 ´ p)6],

where p denotes the probability assigned to e in any mixed deviation of player 1, so that com-

pliance is strictly preferred as long as α1 ą 0. Analogously, the compliance condition for R1 with

smooth preferences is

µs1(δed)ϕ1(7) + µs1(δdd)ϕ1(6) + µs1(τ1)ϕ1(4.5) + µs1(κ)ϕ1(4.5)

ě [µs1(δed) + µs1(δdd)]ϕ1(p7 + (1 ´ p)6) + µs1(τ1)ϕ1

(
p

35
8

+ (1 ´ p)4.5
)
+ µs1(κ)ϕ1(p3.5 + (1 ´ p)4),

which holds for a large class of parametric specifications for µs1 and ϕ1. Since the compliance

conditions for player 2 with respect to R2 are symmetric, Proposition 7 implies that all σ P

rR1 X rR2 are implementable with both α-maxmin and smooth preferences.22

Now consider implementability via ACE with α-maxmin preferences. Using the setting from

Example 5, for player 1, any ACE implementing a distribution that Pareto dominates a CCE

must be constructed based on an unambiguous belief set consisting of t(0, 0, 1)u that recom-

mends action e, and an ambiguous belief set that recommends action d. While the belief set
␣

(1, 0, 0),
( 2

3 , 1
3 , 0
)(

for player 1 used in the first ACE constructed in Example 5 is not compliant

if α1 ă 1, the belief set t(1, 0, 0), (0, 1, 0)u from the second ACE is compliant as long as

α12 + (1 ´ α1)6 ě α10 + (1 ´ α1)7 ô α1 ě
1
3

.

Analogously, for player 2, t(0, 1, 0)u is unambiguously compliant, and t(1, 0, 0), (0, 0, 1)u is com-

pliant as long as α2 ě 1
3 . Hence, if both α1, α2 ě 1

3 , all action distributions that Pareto dominate

a CCE distribution are still approximately implementable with α-maxmin preferences, and fur-

thermore, since the associated belief sets each contain two elements, the same conclusion holds

qualitatively with smooth preferences. If α1 ă 1
3 , the most beneficial (in terms of implementabil-

ity) belief set recommending action d for player 1 has the form t(q, 1 ´ q, 0), (0, 1, 0)u, where q is

22To approximately implement all action distributions that dominate the CCE from Example 2, we can instead

redefine R1 = R2 :=
!

δed, δdd, δde, 2
9 δed +

2
9 δde +

5
9 δee

)

, which still yields strict compliance with α-maxmin preferences

for any α1, α2 P (0, 1), but the associated compliance conditions with smooth preferences require more stringent

assumptions on the respective parameterization than the previously constructed DCE.
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the largest probability value that satisfies the compliance condition

α12 + (1 ´ α1)(4q + 2) ě (1 ´ α1)7q ô q ď
2

3(1 ´ α1)
α1Ñ0
ÝÝÝÑ

2
3

.

Setting q = 2
3(1´α1)

, and using an analogous argument for player 2 to construct a belief set recom-

mending action d given by
!(

2
3(1´α2)

, 0, 1 ´ 2
3(1´α2)

)
, (0, 0, 1)

)

, yields the largest corresponding

set of ACE-implementable action distributions for α1, α2 ă 1
3 , which can be seen to converge to

the set of CCE as both α1, α2 Ñ 0. ◁
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